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Abstract—1In this paper, we consider learning and control
problem in an unknown Markov jump linear system (MJLS)
with perfect state observations. We first establish a generic
upper bound on regret for any learning based algorithm. We
then propose a certainty equivalence-based learning algorithm
and show that this algorithm achieves a regret of O (/T log(T"))
relative to a certain subset of the sample space. As part
of our analysis, we revisit the switched least squares system
identification algorithm of [1], [2] for autonomous MJLS and
generalize it to controlled MJLS, establishing strong consistency
and almost sure rates of convergence of this method.

I. INTRODUCTION

The main goal of reinforcement learning and adaptive
control is simultaneous learning and control of unknown
dynamical systems. Due to continuity and unboundedness
of the state and action spaces in control setups, classi-
cal reinforcement learning algorithms do not achieve good
performance. Recently, there has been a surge of interest
in designing reinforcement learning algorithms for linear
quadratic regulators (LQR) and analyzing the performance of
these algorithms [3]-[9]. These results exploit the linearity,
time-invariancy, and structure of the cost function in the
proposed algorithms and analysis.

Markov jump systems are a mathematical formulation
which model time-varying dynamical systems with abrupt
and stochastic changes in the dynamics. These systems
find application in cyber-physical system [10], networked
control systems [11], [12], etc. In this paper, we investigate
the problem of simultaneous learning and controlling an
unknown Markov jump linear system (MJLS). We use the
switched least squares method proposed in [1], [2] in the
closed-loop setup for the system identification and use the
system estimates in a certainty equivalence controller.

The problem of learning and controlling MJLS systems
has recently received some attention in the literature. The
sensitivity analysis of certainty equivalence controller to the
system parameter is investigated in [13]. Based on the results
of [13], a system identification algorithm and a certainty
equivalence controller is proposed in [14] where it is shown
that the proposed method achieves the regret of O(v/T)
with high probability, where T denotes the time horizon,
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and notation O hides logarithmic factors of 7. It is shown
in [15] that policy gradient method converges to the optimal
policy for MJLS systems. The performance of Thompson
sampling algorithm in controlling networked control systems
as a special case of switched linear systems is investigated in
[16]. The problem of system identification of Markov jump
linear systems from a single trajectory is investigated in [1],
[2] and [14].

A. Contributions

e« We characterize the almost sure (relative to a certain
subset of the noise process and the algorithm ran-
domization) regret bounds for general class of linear
adaptive polices.

« We use switched least squares method for closed-loop
system identification of MJLS systems, show that this
method is strongly consistent, and establish that its rate
of convergence is O(/log(T)/T).

« We propose a version of certainty equivalence controller
based on the switched least squares system identification
method, and show that this algorithm achieves a regret
of O(v/Tlog(T)) relative to a certain subset of the
sample space.

o We show that there exists a finite identification horizon
T, for which this algorithm achieves the almost sure
regret of O(v/T log(T')) on the entire sample space.

B. Organization

The rest of the paper is organized as follows. In Sec II,
we review some standard results about MJLS systems that
are useful in our analysis. In Sec. IlI, we characterize the
notion of almost sure regret criteria. In Sec. V, we present
our system identification method and reinforcement learning
algorithm. The main results are presented in Sec. VI. We
concluded our results in Sec. VIL

C. Notation

Given a matrix A, A(i,j) denotes its (i,7)-th element,
Amax(A) and A\pin(A) denote the largest and smallest mag-
nitudes of right eigenvalues, omax(A) = v/ Amax(ATA)
denotes the spectral norm. For a square matrix @, Tr(Q)
denotes the trace. When @) is symmetric, @ > 0 and @ >~ 0
denote that () is positive semi-definite and positive definite,
respectively. For two square matrices, (J; and Q5 of the
same dimension, Q1 = ()2 means Q1 — Q2 = 0. Given two
matrices A and B, A® B denotes the Kronocher product of
the two matrices.



Given a sequence of positive numbers {a;};>0,ar =
O(T) means that limsupy_, . ar/T < oo, and ar = o(T)
means that limsup;_, ., ar/T = 0. Given a sequence of
vectors {x;}ie7, vec(xy)ier denotes the vector formed by
vertically stacking {z;}:c7. Given a sequence of random
variables {z;};>0, ®o. is a short hand for (zq,---,x¢)
and o(xg.) denotes the sigma field generated by random
variables xg.;. When describing values that are taken by
consecutive variables, for example s; and s;+1, we use s to
denote a generic value of s; and s to denote a generic values
of s;41. Given a probability space {Q, F, P}, Q denotes the
sample space, w € () denotes a generic elementary event,
P(-) denotes the probability measure and E[-] denotes the
expectation operator.

R and IN denote the sets of real and natural numbers.
For a set T, |T| denotes its cardinality. For a vector z, ||z||
denotes the Euclidean norm. For a matrix A, ||A|| denotes
the spectral norm and ||A|o denotes the element with
the largest absolute value. diag(Ai, As,..., A,) denotes
the block diagonal matrix, where the blocks are matrices
Ay, Ag, . A

II. BACKGROUND ON MARKOV JUMP LINEAR SYSTEMS

We start by a review of stability of autonomous Markov
Jump Linear Systems and the basic results for optimal control
of Markov Jump Linear Systems.

A. Stability of autonomous Markov Jump Linear Systems

Consider an autonomous discrete-time MJLS with con-
tinuous state x; € R™ and the discrete state s; € S =
{1,2,...,d}. The system starts with a known initial state
(21, $1). The continuous state evolves over time according
to

Tip1 = Ag,my, 121, (1

where the set {A; € R"™*™},cs consists of the system
dynamics matrices. The discrete state evolves in a time-
homogeneous Markov manner according to a transition ma-
trix H. We will refer to the above system as MJLS system
({As}s€$7 H)

We assume that the Markov chain {s;};>1 is irreducible
and aperiodic, and therefore, has a stationary distribution

{ps}ses-
Definition 1. The MJLS system (1) is called Mean

Square Stable (MSS) if for any initial state (x1,$1),
limy_s o0 || E[x]|| = 0, and lim;_, o ||E[z:2]]]| = 0.

The following characterizations of MSS follow from [17,
Theorem 3.9]:
Proposition 1. The following conditions are equivalent:

1) The MJLS system in (1) is MSS.
2) Transition probability matrix H and matrices {As}ses

satisfy:
)\max((HT ® 1) diag(A, ® Ai, ..., Ag ®Ad)) <1

3) The MIJLS system (1) is exponentially stochastically
stable , i.e., there exists 8 > 1 and 0 < ( < 1 such
that for any initial state (1, s1), we have

Ef[lz]1*) < B¢ |lwol,

4) The MJLS system (1) is stochastically stable (SS), i.e.,
Sor all initial state (x1,s1), we have

S Efla] < oc.

t=0

t>1.

B. Optimal control of Markov Jump Linear Systems

Consider a discrete-time MJLS with continuous state x; €
R™, discrete state s; € S, control input u; € R™, and
disturbance w; € R"™. The system starts with a known
initial state (x1, s1). The continuous state evolves over time
according to:

Tip1 = Ag,r + Bs,ug +wy, 21, ()

where {A; € R""},cs and {Bs € R™"*™},cs are the
system dynamics matrices, and {w;};>1 is an i.i.d. process
with E[w;] = 0 and E[w,w]] = o2 1. The discrete state
evolves in a time-homogeneous Markov manner, independent
of {w;}+>1, according to a transition matrix H. We assume
that the Markov chain {s;};>1 is irreducible and aperiodic,
and therefore, has a stationary distribution {p;}scs.
The system incurs a per-step cost

C(ZEt,St,Ut) = IIQStIt +UIR3{,U1;7 (3)

where {Qs € R"*"}scs and {Rs; € R™*™} s are posi-
tive definite matrices. The objective is to design a controller
which observes the state of the system and chooses control
inputs to minimize the long term average cost given by

] T
lim TE{Z oy, st,ut)} 4)

t=1

1) Stochastic stabilizability and stochastic detectability:
We now define two important properties of MJLS systems:

Definition 2. The MJLS system (2) is stochastically stabi-
lizable, if there exists gain matrices {Fs € R™*"};cs such
that the autonomous MJLS system ({As — BsFs}ses, H) is
MSS.

Definition 3. The MJLS system (2) is stochastically de-
tectable , if there exists gain matrices { K5 € R"*"}scs such
that the autonomous MJLS system ({Ag — K(;Qim}seg, H)
is MSS.

Note that one can check stochastic stability and stochastic
detectability via Linear Matrix inequalities (LMIs). For in-
stance, a check for stochastic stabilizability is given by [17,
Proposition 3.42].

Proposition 2. The MJLS system (2) is stochastically stabi-
lizable if and only if there exist matrices {W?2 € R"*™} cs



and positive semi-definite matrices {W} € R"*"}cs and
{W3 e R™*™} s such that:

ZHSS/ (ASW;A,I + BS(WSQ)TAI

s€Ss + AW?EB! + BW2EBI) < Wl Vs €S,
wl o w2
° 1 >0, Vs € S,
(w2)T WS} -
wl>o, Vs € S.

A similar test for stochastic detectability follows by re-
placing B; by (Qi/ 2)T in the above proposition.

2) Optimal control of MJLS: We assume that the system
satisfies the following:

Assumption 1. The MJLS system in (2) is stochastically
stabilizable and stochastically detectable.

The following result follows from [18, Theorem 45 and
Theorem 51].

Theorem 1. Under Assumption 1, the minimum value of the
average cost (4) is
05> > paHa, Tr(P.,) )
s€S s eS
and is achieved by the feedback policy
ug = —Lgxy, t2>1, (6)
where the gains {Ls}scs are given by
L= (R, +BIP,B,)"'BIP,A,, s€S8 @)

and {Ps}scs is the solution of the following set of algebraic
Riccati equations:

Py= Y Hy P, s€S, ®)
st ES
Py = Qs + AIPSAS 9

— ATP,BI(R, + BIP,B,) 'BIP,A,, scS. (10

As established in [18, Theorem 45], the optimal control
law is stabilizing in the following sense.

Proposition 3. The autonomous system MJLS system ({ As—
ByLyYses, H) is MSS.

Remark 1. The result of Proposition 3 in [18, Lemma 45]
states that the system ({A; — BsLs}ses, H) is stochastically
stable. As established in Proposition 1, stochastic stability is
equivalent to MSS, so we have stated Prop. 3 in terms of
MSS.

III. THE LEARNING PROBLEM
A. Some remarks on notation

1) Notation for probability spaces: We need a some-
what elaborate notation to describe our notion of regret.
The MJLS system described above is a stochastic system
with two stochastic inputs: the noise process {w;};>1 and
the switching process {s;};>1. In addition, the learning
algorithm may randomize while choosing control actions as

well. We assume that the noise process and randomization
done by the algorithm are defined on a probability space
(Q1,F1,11) and the switching process is defined on a
separate probability space (€22, F2, p2). Since the processes
{w¢}i>1 and {s;}¢>1 and the randomization done by the
algorithm are independent, we consider the probability space

(Q,F, 1) = (1 %X Qo, Fi @ Fa, p1 @ p2),

where F; ® F» is the product sigma algebra given by o (D; x
Dy : Dy € Fy,Ds € F3), and 111 Qo is the product measure
on F1®Fs, i.e., forany Dy € Fy, Dy € Fo, we have p(D1q x
Dy) = p1(D1)p2(D2). We will use the tuple (€2, F, 1) as
the probability space to define all the system variables. We
abbreviate almost surely with respect to measure p(-) as -
a.s. and almost surely with respect to measure p1(-) as p-
a.s..

2) Notation for policy dependent sample paths: To avoid
confusion, we also use a slightly elaborate notation to
indicate sample paths of state and action corresponding
to a specific policy. Let § = {Ag, Bs}scs denote the
parameters of the system dynamics. Suppose the con-
trol input u,; is chosen as a function of the history of
state and actions (1., S1.¢,u1..—1) according to a pos-
sibly randomized history-dependent measurable policy .
Then for any w = (wi,w2) € €, we use the notation
{27 (w), s¢(w2), uf (W) }+>1 to denote the states and the con-
trol actions along the sample path w for the system when
the controller is following policy 7. Note that the discrete
component of state, s;(wz) only depends on w» and does not
depend on the policy .

When it is clear from the context, we will not explicitly
indicate the dependence on 6, 7, and w.

B. Regret definition

We are interested in the setting where the system parame-
ters f are unknown and the cost parameters {(Qs, Rs)}ses
and transition matrix H are known. A learning agent ob-
serves the state (zy,s;) of the system and chooses the
control input u; according to a possibly history-dependent
randomized measurable policy 7. For any fixed realization
wy € 4 of the system noise and possible randomization by
the algorithm, let

T

. > (@] (wi,wa), se(wa), uf (wi, w2))pa(dws)

Jr(wr) =

denote the performance of policy 7 along the sample path
wy for the horizon T" averaged over the realizations of mode
switching.

The (frequentist) regret of policy 7 is given by

Ri(wi) = JE(wn) — I3 (w1)

where 7 is the optimal policy corresponding to parameters
0.

Note that the notion of regret can be defined at different
degrees of granularity. In particular, regret may be defined
as a random variable which depends on the realization of



the noise sequences and the randomizations done by the
algorithm. Or it may be defined in terms of expectation
over noise and algorithm randomization. In this paper, we
take an intermediate approach: we define regret as a random
variable which depends on the realization of the process
noise and the randomizations done by the algorithm, but take
the expectation over the discrete switching sequence.

IV. AN UPPER BOUND ON REGRET FOR ADAPTIVE
LINEAR POLICIES WITH PERSISTENCE OF EXCITATION

Let F; = o(®1.4-1, S1:t—1,U1.t—1) denote the sigma al-
gebra generated by the observations of the history of states
and actions of the learning agent at the beginning of time ¢.
Motivated by the structure of the optimal policy presented in
Theorem 1, we restrict attention to adaptive linear policies
defined below.

Definition 4 (Adaptive linear policy). An adaptive linear
policy m with persistence of excitation is characterized
by a sequence of gains {L.(t) € R™"}.cs.i>1, where
{j)s(t)}seg is JFi-measurable, and an independent noise
process {vi}i>1, vv € R™, where vy ~ N(0,021). The
control input chosen by policy m at time t is given by
Uy = _Lst (t)xt + 4.

Theorem 2. Consider an adaptive linear policy m with per-
sistence of excitation with gains {ﬁs(t)} ses,i>1 and noise-
level {crf}tzl. The regret of policy m may be decomposed as
follows

RE(w1) = O(RT p(w1)) +O(RE (w1)) +RE 1 (w1) (11)
where
RYp(wi) 27‘1 (@F (Wi, w2), st(w2)) p2(dws)

Q2 121

with 77 (x4, 5¢) given by

xI(LSt (t) - LSt)T[RSt + BStPStBSt]([A’St (t) - LSt)x;r’

and

ZTQt vi(wr), si(wa))pz(dws)

Q2 121

RQ T w1
with r3 (v, s¢) given by v] [Rs, + By, Ps, Bs,|vt, and

T (@) = / 1T (@1 (@), 2 (@), 5741 (w2)) 12 )

2

. TK'* .
with w = (w1,ws) and Tg,t($T+1,$T9.4.175T+1) given by
g T Ty T
(xgﬂl) Popoyxpy — 231 PspyTry1, where recall that
x™o denotes the state corresponding to the optimal policy

*

.

The proof is presented in Appendix I.

V. A CERTAINTY EQUIVALENCE BASED LEARNING
ALGORITHM

A. Overview of the learning algorithm

We consider a specific type of certainty equivalence-based
learning algorithm and analyze its regret by using Theorem 2.
The algorithm consists of two phases: a system identification
phase which lasts for a fixed time 7°); and an adaptation
phase, which last for the remainder of the time that the
system is running. The adaptation phase runs in episodes,
and the length of k-th episode is [a*T()|, where o > 1 is
a constant. We use t(*) to denote the start time of episode
and use 7®) to denote the length of episode k.

Before describing the two phases in detail, we need to
define the notion of stabilizing gains.

Definition 5. A set of gain matrices {L, € R™*"}scs
is said to be stabilizing for the MJLS system (2) if the
autonomous system ({As — BsLs}ses, H) is MSS.

We make the following assumption:

Assumption 2. The learning agent has access to a set of
stabilizing controllers {Ls}ses.

Assumption 2 is a common assumption in the literature of
reinforcement learning for LQR systems [4], [7]-[9], [14].
During the system identification phase, the control input
is chosen as u; = —Esta:t + v, where v, is ii.d., zero
mean Gaussian random noise with covariance /v T(0), We
then use the system identification algorithm used in the next
section to generate an initial estimate (),

During episode % of the adaption phase, at time ¢(¥),
pick control gains {L( }ses to be the optimal control gains
corresponding to the estimate Gk—1), During the episode,
we choose the control input as u; = fﬁg’f)zt + v, where v
is i.i.d., zero mean Gaussian random noise with covariance
I/VT®). At the end of the k-th episode, we use the system
identification algorithm described in the next section to
generate a new estimate 6*) based on all the data seen in
episode k.

A detailed description of the learning algorithm is pre-
sented in Algorithm 1.

B. The system identification algorithm

In this section, we describe the system identification
algorithm used in both phases. This algorithm is a variation
of the switched least squares system identification algorithm
presented in [1], [2] for autonomous system.

For uniformity of notation, we allow & = 0 to mean the
system identification phase and set t(*) = 1 and ngO) =
L, for s € S. Now consider a generic k-th episode, k €
{0,1,...}, which is of length 7). During this episode, the
control input is chosen as

U = —ii’f)xt + v,

where vy is random noise chosen as vy, ~ N (0, 0'(2k)1 ), where

O'(Qk) = 1/\/W Thus, Eq. (2) may be written as

w41 = Ag, 1y — B, LW, + B,y +wp (12)



Algorithm 1: Certainty equiv. based learning algorithm

: A set of stabilizing controllers {L,}scs
Time 7(©); Scaling factor v > 1.

input

System ID :

Initialize f/go) =L, forall s €S8.

Initialize +(©) = 1.

for time t € {t©© ... t(0 +T7©) _1} do
Sample v ~ N(0, 0%, I), where o) = 1/vVT().
Apply control input u; = I:,(g?)mt + 4.

end

Generate estimate §(%) using (14) and (15).

Adaptation:
for episode k =1,2,... do
Initialize t*) = ¢ + 1; T®*) = LakT(O)J.
Choose {ﬁgk)}seg using (7) for system g(k=1)
Set 0(2k) =1/VT®).
for time t € {t), ... t) 4+ T*) _ 1} do
Sample vy ~ N'(0,07,1).
Apply control input u; = f/glf)xt + 4.
end
Generate estimate (%) using (14) and (15)

end

or, equivalently,

Tty = ﬁglf)zt =+ wy. (13)

where {n" € Rnx(+m)} < is given by
nM = [As — B,LW, By],

and 2] = [x],]] € R"t™,

At the end of the episode, we generate estimates f](k) =
{3F) € Rrx(m+m)} s by solving the following switched
least squares problem:

s€S,

() L) _q

arg min Z

n®={nM:sesy 4y

) = lzep1 —nlz]*. (14)

We then compute estimates {ng)}seg and {A&“}Ses as:

ra N ITL n
)
We denote the estimated parameters as ng) = [Agk), Bék)],

s €& and use 0% = {6}, s to denote the estimated
parameters of the model.

VI. THE MAIN RESULTS

A. Asymptotic regret of certainty equivalence algorithm

In our analysis, we need to assume that the proposed
learning algorithm at all times generates estimates such
that the gains corresponding to those estimates stabilize the
original system.

Definition 6. Given the set of stabilizing controllers
{Ls}ses, time Ty and scaling factor o, let Ag be the set of
all sample paths wy € Qq such that for almost all wy € Qo
and k > 1 the gains {j)gk) (w1, ws) }ses are stabilizing for
MIJLS system (2).

Assumption 3. We assume 1 (Ag) > 0.

In our results below, we restrict attention to the sample
paths wy € Ap. Note that the process {s;};>¢ remains
Markov on the set 4y x 2o with the same transition prob-
abilities. We assume that pi(Ag) > 0, which is weaker
than the stability assumption implicitly imposed in [4] for
(non-switching) LQR model, where it was assumed that
n(Ao) = 1.

By an argument similar to that used in [2] for autonomous
systems, we can show that if the controller used in an episode
is stable and the episode is asymptotically large, the estimates
generated by switched least squares system identification
algorithm described in Sec. V-B converge almost surely to
the correct parameters. We can also characterize the rate of
convergence, as shown below:

Theorem 3. On the set Ay, the estimate k) s strongly
consistent, i.e. limg_,o0 ||[0%) — || = 0, p1-a.s. Further-
more, the error of the system identification method is upper
bounded by:

16%) — 6]
\/log(T(k))/o'(k)T(k)

The proof is presented in Appendix II.

Following theorem establishes the regret bound for Algo-
rithm 1. This regret matches with the regret of LQR problems
established in [3]-[5], [7], [9] and the regret of MJLS-LQR
established in [14].

lim sup (16)

k— o0

< 00, H1-a.S.

Theorem 4. On the set Ay, the regret of Algorithm 1 is
given by:
RE < O(WTlog(T)) p-a.s.

The proof is presented in Appendix III.

B. Sufficient conditions for stability

In characterizing the almost sure regret of adaptive control
problems, ensuring the stability of the system is a challenging
problem. Our results in Theorems 3 and 4 are derived on the
set Ag. In this section, we try to weaken this requirement by
characterizing a set which is larger than Ay. For the MJLS
system in (2) with parameters 6, let LY = {L%} cs denote
the set of optimal control gains. Define:

B.(L%) = {{L}ses : ILs — LY < e Vs € S},

as a ball in the space of gain matrices with radius e centered
at LY.

Lemma 1. [I4, Lemma C.1] For the MJLS in (2), there
exists a radius €p such that all the gains {Ls}scs € Be, (L)
are stabilizing for 6.



We define Bs(0) = {{0:}ses : 105 — 04 <4,Vs € S}.
Now let dp be the radlus such that if 6 € Bs,(0) then LV e
Be,(Lo) -

We now characterize the connection between the assump-
tions on the stability and length of the identification phase
T©). Consider a system identification setup in which we use
adaptive linear policy {L }565 with persistent of excitation
vy ~ N(0,6%1), where {Ls}ses is a stabilizing controller.
We get x441 = 1)s,2¢ + wy, Where 75 = [As — B LS7B ]
We estimate 77 = {77S r € R+ s by solving:

b= argmin Yl izl (7

f={ns:s€S} 1,
We generate the estimate O from ﬁT similarly to (15). To
explicitly emphasize the functional dependence of O on L =
{Ls}scs and w € €, we use the notation f7(L,w). Similar
to Theorem 3, we can establish that if {L}scs is stabilizing
controller, then limry_, o ||07(L,w) — 6| = 0, p-a.s. and the
error of the system identification is upper bounded by:

167 (L, w) — 0

lim sup ——————= < oo,

Tooo +/log(T)/c2T

Now for any generic stabilizing gain L = {L,}scs, define

U-a.s. (18)

Ts,(L,w) == inf{T € N : Vt > T, ||0p(L,w) — 0]| < 5},
T59 (OJ) = sup T59 (i’a OJ).
LeB., (L)

A consequence of the result in (18) is that for any stabilizing
L, P(T5,(L,w) < co) = 1 and consequently P (T}, (w) <
o0) = 1. For any T > 0, define

Asp (T) = {w e Q: T, (w) <T —1}.

Proposition 4. The set As,(T') satisfies following properties:
) If T <T', we have As,(T) C As,(T").
2) For any w € (), there exists a Ty such that: w €
As, (To) € Q, p-a.s.
3) There exists a Ty < oo such that Q = As, (Tp), p-a.s.

The proof is omitted due to space constraints; however,
this proposition is a consequence of the result in Theorem 3.

Theorem 5. (Sufficient condition for stability) Suppose the
initial stabilizing controller {Ls}scs € Be,(L?), then the
results of Theorem 3 and 4 are valid on the set As,(T).

The proof is presented in IV.

VII. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we investigate the problem of simultaneous
learning and control of a Markov jump linear system using
complete state observation. We derive an almost sure regret
decomposition for the general class of adaptive linear poli-
cies with persistence of excitation. We propose a version of
certainty equivalence controller which uses the switched least
squares method for the closed-loop system identification.
Our analysis shows that the error of the system identifica-
tion method is O(1/log(T")/T), and the regret of certainty

equivalence controller reaches O(v/T log(T’)) almost surely.
Our guarantees are stated for specific subset of 2. We
show we can make this subset arbitrary large by increasing
T, Finding an algorithm with performance guarantees
independent of the set As, (T(?)), extending these results to
the case of partial observation and analyzing algorithms such
as Thompson sampling with the tool developed in Theorem 2
is left for future works.
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APPENDIX [
PROOF OF THEOREM 2

We start with the completion of squares lemma.

Lemma 2. For x € R" and v € R™ and matrices
A, B, S, R with appropriate dimensions, we have

u"Ru+ (Ax + Bu)"P(Az + Bu) + 2"Qz =
(u+ L(P,R, A, B)z)T[R+ B"PB)(u+ L(P,R, A, B)x)
+2TK(P, A, B, R,Q)x,

where
L(P,R,A,B) = —(R+ B"PB)"'B"PA.
K(P,A,B,R,Q) =Q+ ATPA

—~ ATPB(R+ B"PB) " 'BTPA.
Remark 2. Notice that in (8), we have:

Ly :L(PsaRstsaBs)v PSZK(PSaAmBs;RsaQs)'

We assume that 7 and w; are fixed and do not explicitly
include their dependence on the terms. Instead, we will use
z; as a short-hand for 27 (w) and z7 as a short-hand for
x7° (w). We also use 5, instead of s;(wy), where we use the
superscript tilde to highlight the fact that we are not referring
to a specific realization of the discrete state at time ¢ rather
marginalizing over all possible realizations. By recursively
applying completion of squares (Lemma 2), we can show
the following:

Lemma 3. For any policy ™ we have

T

/ [Z C(xtvstvut) +x’}+1PST+1xT+1:|M2(dw2)
Qo

t=1

=
:/ |:x113§1$1
Qo

(ut + Lgtl‘t)T[Rgt + B;tpgtht](ut + Lgt.Tt)

[M]=

+

~
I
—

E

+

t

1
19)

Using the decomposition in (19) in the expression for
regret, and substituting u; = —Lg, (t)2; 4+ v for policy
and substituting u; = —L;s,z; for policy 7*, we get the
following:

[th P, (Asz,z¢ + Bs,ug) +w, Pstth pa(dws).

Lemma 4. For any adaptive linear policy m with persistence

of excitation, we have
R (wn) / [Z wy(Ls,(t) — Ls,)"[Rs, + Bj, Ps, Bs,]
QQ ~

= (Ls, () = Ls, )z

T
+ Y [V [Rs, + B, Ps, Bs,|vy

=t +20] [Rs, + BI Ps, Bs,](Ls, (t) — Ls, )]
T
+> " 2w] P;, [(As, — Bs, Lz, ) (¢ — ;)
=t —Bs,(Ls, (t) — Ls,)x; + Bs, 1]

- x}+1P§T+1$T+1]:| p2(dws).
(20)
We first recall the following result [19, Corollary 10]

+ [($}+1)TP§T+1;U§«+1

Lemma 5. Given a filtration {F;}i>1, suppose w; is a
martingale difference process adapted to {Fi}i>1 and Y41
is Fi-measurable. Then,

T
T

E Yy Wi

t=1

where Ypr = Zthl e

:O( YTlog(YT)), a.s.

An implication of Lemma 5 is that

T
Qo

t=1
=0 (\/RT,T(wl) log R{T(wl)) )

where R y(w1) is defined in Theorem 2. By the same
argument, we also have

/Q [iug Pe, B (s, () Lgtm] i (o)

A t) - Lgtm} Jia(d)

2L

= O(\/Rir(w1) log R £ (1)), (22)
and
T
/ [ZngpgthtVt} ,lLQ(dUJQ)
Q2 Ly
—0 (\/RQT(wl) log R;{T(wl)) @

Now, by Prop. 3, the autonomous MJLS system ({As —
BsLs}ses, H) is MSS. Based on the fact that MSS implies
exponential stochastic stability (Prop. 1), we can show that

/QQ [éwgpgt (As, — Bz, Lz, ) (% — x:)] 112 (dws)
( / [ Tl wl By, By, (Ls, (t) — Lgt)xt} Mz(dw))
(24)

which is therefore also upper bounded by the right hand
side of (21). The result of Theorem 2 then follows from
substituting (21)—-(24) in Lemma 4.

t



APPENDIX II
PROOF OF THEOREM 3

The proof of this theorem is based on a notion of stability
called stability in the average sense in [1].

Definition 7. Let {z,},>1 denote the state process cor-
responding to the MJLS system A, x: + w;. We say this
system is stable in the average sense, if: Zt el =
o) p-a.s.,

Proposition 5. [I, Proposition 3] If the MJLS system
({As}ses, H) is MSS, then the MJLS system: As,x¢ +wy is
stable in the average sense.

By the assumptions in Theorem 3, we know ({Ag —
ByL.}ses, H) is MSS; therefore, by Proposition 5, and the
fact that o2 is finite, we get that MILS 2,41 = (A, —
BStLglf))xt + B, v 4wy is stable in the average sense. Recall
that n{¥) = [ASt - BStﬁgf)VBSt], and z; == Et

t

have:

, and we

21 = 0 2+ wy. (25)
Let ’7;(;) = {t) <t < t®) 4+ T : 5 = i} denote the
time indices until the time 7", when the discrete state of the
system equals ¢ at the k-th episode. Note that for ¢ € 7;’(;),
ns, = 7. Therefore, we have:

. (k

Al = argmin Y flwrer — mizdl?,

TR

Vie{l,...,d}.

Let Z; 7 denote Z T(k) ztzt , which we call the unnormal-

ized empirical covariance of the augmented state process
_ T
when s; = i. Now we look at )\max(zteﬁ@ ztz{) and

)‘min(ztg-(k) 2ty ) We have:

Amax Z ze2f) < tr( Z 22])

teTH mﬁ@
= > bm2<§:H%W
teT %)

By Proposition 5, we know 3"/, [|z]|> = O(T) pi-a.s. and
by [19, Eq. 3.1] we know Zthl |ve||? = O(T) p-a.s., which
implies:

T
Amax ( Z 2z ) =O(T) p-a.s.
teT %
On the other hand, we have:
r |wa] xpf
Rty = T T
Vi Vily

Similar to [1, Lemma 3], we can show >, ) [z +
i, T

vix] || = o(T) p-a.s.; therefore,

)\min( Z ZtZtT)

teT s
= O(min{)\min( Z 2427 )5 Amin ( Z Z/tl/tT)}) 11-@.S.
teT teT
By [1, Proposition 1- P2] we know
liminfr_ o /\mln(ZtET L T )/T > 0 p-a.s., and since

> of

k
O'(k) > 0, we get liminf,_, o )‘mm(zteﬁf’;) VtVtT)/Ti(T) 2

p-a.s. Therefore,

Amin( Z th,;r) > O'(Qk)7;7T H-a.S.

teT %

Given a filtration {G, }+>0, consider the following regres-
sion model:
= ﬁTZt + We,

t>0, (26)

where 8 € R"™ is an unknown parameter, z; € R™ is G;_1-
measurable covariate process, y; is the observation process,
and w; € R is a noise process. Then the least squares
estimate 7 of 3 is given by:

ﬁT = argmlnz ||y7' ﬁTZTHQ

7=0

27)

The following result by [20] characterizes the rate of con-
vergence of Sp to [ in terms of unnormalized covariance

. . T
matrix of covariates Zp ==Y _ 2,21

Theorem 6 (see [20, Theorem 1]). Suppose the following
conditions are satisfied: (S1) Apin(Z7) — 00, a.s. and
(S2) log(Amax(Z7)) = 0o(Amin(Z7)), a.s. Then the least
squares estimate in (27) is strongly consistent with the rate
of convergence:

e — 8l = 0 W)

)\min (ZT)

Therefore, by Theorem 6, and the fact that ‘7(21@)7;,1’“ =
O(O'(Qk)T) we get that:

kg&HQMfGH:CK¢bgT%DﬂﬂMT“U p1-..

APPENDIX III
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Lemma 6. The regret in the k-th episode satisfies:

®) ) _q
fQ2 [Ztr:ﬁ-) C(:C.,-, STauT)]NQ(dWQ)

(T(k—l))1/2 log(T(k—l))

lim sup
k—o0

<00 p-a.s.

Proof. (Sketch) In the k-th episode, f/gk) is computed based
on the estimate §(*~1 . Assum FUOH 3 implies that on the
set Ay, the set of the gains {L }565 is stabilizing for all
k > 0. Setting U(kq = 1/vT#=1) in Theorem 3 implies:

: 161 — o)
lim sup < oo, p-a.s. (28)
k—oo 4/log(TR—1)/(T(Kk=1))1/4



By the continuity of the gains L

we get,

in the parameter (*—1)

. ILE — L]
lim sup < 00,
k—oo +/log(TR—1)/(T(Kk=1))1/4

In the proof of Theorem 3, we established that

p-a.s. (29)

£ (k) g
S Jal?=0@®) pras.

T=t(k)

The gain ig ) is fixed during the episode. Therefore by plug-
~ (k) (k) _ .
ging in | — L, ST ] in the R (),

(k) (k) _ .
and Z:Z;[k)T w2 = O(VT®) in R3. ., we get the
desired result. O

Let T®) = Y% _ 7(m) = 7O) (o411 1) /(a—1), which
implies & = O(log,, (T®) /T©),

Proof of Theorem 4 follows by adding the terms in
previous lemma. Due to the limited space, the proof is
omitted.

APPENDIX IV
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We prove this result by induction. We show on the set
As, (T©) if §%) e Bs, (), then 1) e By, (0). As
the basis of induction, since {Ls}ses € Be,(Lg), then
Theorem 3 and the definition of Ag, (7)) imply that §(0) e
Bs, (9). R

Now assume that §(*) € Bs, (). Lemma 1 implies that
{ﬁ( )}863 is stabilizing. Moreover, since 7'(*) > 7O,
Theorem 3 and definition of A, (7)) imply that ||§(++1) —
0|| < eg. Hence 1) e B;, (9) This completes the proof
of the induction step.



