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Abstract: In this paper, we investigate the convergence dynamics of stochastic approximation
algorithms under delayed gradient updates and their impact on asynchronous machine learning
performance. We present a comprehensive case study comparing the asymptotic behavior of
stochastic gradient descent with theoretical guarantees from stochastic approximation theory,
examining both decaying and constant learning rate regimes. For decaying rates, we verify
convergence but demonstrate that high delays necessitate impractical learning rates; for constant
rates, we show that systematically exploiting the learning rate and delay relationship enables
robust asynchronous learning. Furthermore, we identify that popular adaptive optimizers
degrade under delays because of estimating curvature at current rather than delayed iterates.
Finally, we propose a theoretically grounded Hessian-based correction framework using modified
Newton-Raphson iterations that explicitly account for gradient staleness.
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1. INTRODUCTION

Stochastic approximation (SA) algorithms provide a fun-
damental framework for analyzing the convergence behav-
ior of stochastic iterative methods. These algorithms serve
as the theoretical backbone for numerous machine learning
applications. Motivated by the prevalence of asynchronous
computation in distributed machine learning, understand-
ing SA algorithms with delayed updates has become in-
creasingly important. In distributed settings, gradient up-
dates are computed independently without global synchro-
nization, introducing communication-induced delays that
can significantly impact convergence. The general form of
delayed stochastic approximation is (Adibi et al., 2024):

xk+1 = xk + αkh(xk−d, wk−d+1), k ≥ d (1)

where {xk}k≥0 denotes the parameter iterate, {αk}k≥0 the
learning rate sequence, h the SA operator, d ∈ [0, D] ∩
N the delay, and wk−d+1 the evaluation noise. Recent
work Mahajan et al. (2024a) shows that constant step-
size SA with delay d converges to the equilibrium of a
delay differential equation (DDE) with effective lag τ =
αd, establishing that asymptotic behavior depends on the
product τ rather than on α and d individually. However,
extending this DDE perspective to deep neural network
optimization remains challenging: while stability of low-
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dimensional linear DDEs can be characterized through
spectral methods and by constructing simple Lyapunov-
Krasovskii functionals, these approaches do not readily
accommodate the high-dimensional nonlinear dynamics of
deep learning, where delay interacts with complex loss
geometry including saddle points and sharp minima.

Asynchronous methods such as Hogwild (Niu et al., 2011)
enable agents to compute gradient updates independently,
offering computational advantages on multicore architec-
tures. Delay-Compensated Asynchronous Stochastic Gra-
dient Descent (DC-ASGD) (Zheng et al., 2017) and re-
lated approaches (Ren et al., 2020; Wu et al., 2022) ad-
dress gradient staleness through step-size adaptation and
Taylor-based corrections, establishing convergence guaran-
tees across various delay regimes. The former relies on ap-
proximation that induce bias or instability when curvature
estimates are stale, while the latter is a step-size–based,
first-order method that—despite asymptotic convergence
guarantees—does not correct stale curvature or precon-
ditioner errors. While these papers provide strong the-
oretical foundations, the emprical validation of specific
stochastic approximation predictions in applied settings
has been less thoroughly explored. For instance, with de-
caying step-sizes, theory predicts convergence to the same
equilibrium as the non-delayed case (Bhatnagar, 2011;
Mahajan et al., 2024b). Conversely, for constant step-sizes,
the DDE framework predicts that τ = αd determines the
asymptotic behavior (Mahajan et al., 2024a), suggesting



that trajectories with the same αd should be qualitatively
equivalent regardless of individual choice of α and d.
The primary motivation of this work is to systematically
investigate these analytical predictions and assess their
alignment with empirical observations

The main contributions of this paper are threefold. First,
we present a controlled deep-learning case study on Mod-
ified National Institute of Standards and Technology
(MNIST) classification (LeCun et al., 1998) in which we in-
ject controlled delays into SGD and compare the empirical
performance with stochastic approximation guarantees for
both decaying and constant learning rates. Decaying rates
satisfying Robbins-Monro condition behave consistently
with theoretical asymptotic guarantees, but large delays
require impractically small learning rates under realistic
iteration budgets. For constant α, matching τ = αd across
(α, d) configurations aligns training trajectories, in line
with the DDE perspective of (Mahajan et al., 2024a). Sec-
ond, we benchmark popular adaptive optimizers (Adam
(Kingma and Ba, 2015) and Adagrad (Duchi et al., 2011))
and approximate second-order methods (L-BFGS (Liu and
Nocedal, 1989) and conjugate gradient). Matching SGD-
type accuracy requires substantially smaller nominal step
sizes (roughly an order of magnitude in our setting).

Finally, we provide a theoretical justification for evaluating
Hessian information at delayed iterates, i.e., at the point
where the stale gradient was computed, to align the curva-
ture and gradient references. Based on this justification, we
propose a Delay-Tolerant Conjugate Gradient procedure
and show experimentally that it mitigates the Hessian
delay shift and improves robustness to large delays relative
to standard adaptive and quasi-Newton baselines.

2. BACKGROUND ON STOCHASTIC
APPROXIMATION WITH DELAYED UPDATES

2.1 Stochastic Approximation

Classical stochastic approximation considers an iterative
scheme for updating a parameter {xk}k≥0, xk ∈ Rp, which
is initialized at some value x0 ∈ Rp, and updated as

xk+1 = xk + αk

[
h(xk) + ξk+1

]
, k ≥ 0 (2)

where {αk}k≥0 is the learning rate sequence, h : Rp → Rp,
and {ξk}k≥1, ξk ∈ Rp, is a stochastic noise sequence.
Let Hk = σ(x0:k, ξ1:k) denote the sigma-algebra of all
the information available until iteration k. Observe that
{ξk}k≥1 is a martingale difference sequence with respect
to {Hk}k≥0.

The following assumptions are imposed on the model.

(F1) The function h has a unique zero denoted by x∗.
(F2) The function h is L-Lipschitz for some L > 0:

∥h(x1)− h(x2)∥2 ≤ L∥x1 − x2∥2, x1, x2 ∈ Rp.

(F3) The point x∗ is a globally asymptotically stable
equilibrium point of the ODE ẋ = h(x).

In addition, the noise {ξk}k≥1 is assumed to satisfy:

(N1) There exists a constant σ2 < ∞ such that

E[∥ξk+1∥2 | Hk] ≤ σ2(1 + ∥xk − x∗∥2), ∀k ≥ 0.

Furthermore, the learning rate is assumed to satisfy one
of the following conditions:

(R1) The learning rate sequence satisfies
∑∞

k=0 αk = ∞,
and

∑∞
k=0 α

2
k < ∞, a.s.

(R2) The learning rate sequence is constant, i.e., αk = α
for some α.

The main convergence results are as follows (Borkar and
Meyn, 2000):

Theorem 1. Suppose conditions (F1), (F2), (N1), (R1)
and (R2) hold. In addition, the following conditions hold.

• There exists a limit function h∞ : Rp → Rp such that

lim
r→∞

h(rx)

r
= h∞(x).

• Origin is globally asymptotically stable equilibrium
point of the ODE ẋ = h∞(x).

Then,

(1) Under (R1), {xk}k≥1 is almost surely bounded. If, in
addition, (F3) holds, then xk → x∗, almost surely.

(2) Under (R2) and (F3), there exist a α∗ > 0 and C
such that if α < α∗, then

lim sup
k→∞

E[∥xk − x∗∥2] ≤ C.

2.2 Stochastic Approximation with Delayed Updates

Stochastic approximation with delayed updates refers to
iteration of the form (1), where {dk}k≥0, dk ∈ N, is a
{Hk}k≥0 measurable delay sequence and the rest of the
terms have the same meaning as Sec. 2.1. We assume that
the delay satisfies

(D) The delays satisfy dk ≤ D < ∞ almost surely.

In addition, instead of (N1), the noise sequence satisfies:

(N1’) There exists a constant σ2 such that,

E[∥ξk+1∥2 | Hk] ≤ σ2(1 + ∥xk−dk
− x∗∥2),

For some of the results, we assume that the following holds
instead of (F3).

(F3’) The point x∗ is a globally asymptotically stable
equilibrium point of the delay differential equation

ẋ(t) = h(x(t− τ)), τ = αd. (3)

The main asymptotic convergence results in this setting
are as follows Mahajan et al. (2024b,a):

Theorem 2. Suppose (F1), (F2), (N1’) and (D) hold. Then
we have the following.

(1) Under (R1) and (F3), the iterates {xk}k≥0 converge
to x∗ almost surely on the set {∥xk∥ < ∞}.

(2) Under (R2) and (F3’) and additional moment as-
sumptions on the iterates, there exists a α∗ and C
(which depend on the maximum delay D) such that
for all α < α∗

lim sup
k→∞

E[∥xk − x∗∥2] ≤ C.

Theorem 2 shows that in the regime of constant learn-
ing rates, stochastic approximation with delayed updates
exhibits fundamentally different qualitative behavior com-
pared to the non-delayed setting (Mahajan et al., 2024a).
Sufficient conditions for the stability of iterates for de-
caying step sizes are presented in Bhatnagar (2011). In



the non-delayed setting, the iterates concentrate in a ball
around the equilibrium point on an ODE; in the delayed
setting, the iterates concentrate in a ball around the equi-
librium point of a DDE.

Both the convergence rate and the variance of the asymp-
totic noise ball degrade proportionally to the maximum
delay D. This bound holds in the stable regime; when αD
exceeds a threshold, the DDE becomes unstable and the
iterates may diverge, as is illustrated in the empirical ob-
servations in Section 3. When the step size is held constant,
αk ≡ α, stability is preserved for sufficiently small α, but
convergence occurs only to a stationary distribution cen-
tered around x∗. For constant step-size delayed stochastic
approximation, the iterates converge exponentially fast to
a steady-state noise ball with asymptotic mean squared
error (Adibi et al., 2024, Theorem. 2):

E[∥xk − x∗∥2] ≤ Cτe
− 1

2αµk +O
(
σ2αL2D

µ

)
(4)

where Cτ depends on the delay, µ is the strong mono-
tonicity constant, L is the Lipschitz constant, σ2 bounds
the noise variance, and D is the maximum delay.

3. EMPIRICAL STUDY OF STOCHASTIC
APPROXIMATION WITH DELAYED UPDATES

3.1 Deep Learning Experimental setup

In this section, we systematically investigate whether
the asymptotic behavior predicted by Theorem. 2 aligns
with empirical observations in realistic learning settings,
directly addressing the gap between theoretical conver-
gence guarantees and practical behavior. We train a fully
connected neural network with ReLU activation using
stochastic gradient descent (SGD) on MNIST classifica-
tion (LeCun et al., 1998) under controlled delayed-gradient
conditions. The dataset is partitioned into training and
test sets and to ensure distinct stochastic trajectories, the
training set is randomly shuffled before each iteration.

We systematically vary the learning rates {αk} and con-
stant delay d across multiple configurations. To ensure
fair comparison across different learning rates, the total
iteration count is adjusted inversely proportional to the
step size: T (α) = 103/α, maintaining a constant effective
training budget in terms of parameter displacement. Each
configuration is evaluated over 20 independent runs with
different random seeds, with 106 iterations per run. Per-
formance metrics are recorded every 0.5% iterations, and
the Interquartile Mean (IQM) is computed across runs to
eliminate outliers.

3.2 Constant Learning Rate

Let F : Rp → R denote the empirical training objective.
The simplest instantiation of SGD employs a fixed learning
rate α throughout training, yielding the update rule

xk+1 = xk + α∇F (xk, wk+1).

We run multiple experiments training the neural network
using SGD with fixed learning rates α and delays d ranging
from 100 to 104. The performance plots are shown in Fig. 1.

In the case of delay update theorem 2 states that dur-
ing training, the iterates (i.e., the weights of the neural

Fig. 1. Performance as a function of delay, SGD training on
MNIST: rates α ∈ {0.001, 0.005, 0.01, 0.05, 0.1} and
iterations N ∈ {1e6, 5e5, 1e5, 5e4, 1e4}.

Fig. 2. Performance as a function of the effective delay
parameter τ = αd for different constant learning rates
under SGD training on MNIST.

networks) should asymptotically become close to the tra-
jectory of the delay-differential equation ẋ(t) = h(x(t −
τ)), where the effective delay τ = αd depends on the
learning rate and delay. The “time” of this DDE at it-
eration k is equal to kα. Thus, there is a fundamental
trade-off between learning rate and delay, as observed in
Fig. 1. Smaller learning rates lead to smaller effective delay
τ = αd but convergence is slow because k must be large for
the “DDE time” kα to become large. In contrast, larger
learning rates (below an appropriate threshold) lead to
faster convergence (as “DDE time” kα grows faster) but
the effective delay τ = αd is large, making performance
more sensitive to delay magnitude.

DDEs typically become unstable once the effective delay τ
exceeds a critical delay threshold (Michiels and Niculescu,
2014). For a constant α, this corresponds to a critical
threshold for the discrete delay d beyond which perfor-
mance degrades, consistent with the empirical behavior in
Fig. 1. Similar behavior has been observed in the literature,
where it is argued that delayed gradient updates effectively
introduce an implicit momentum term that compounds
gradient misalignment, leading to oscillatory or divergent
behavior (Mitliagkas et al., 2016). Plotting performance
as a function of the effective delay parameter τ = αd
(Fig. 2) reveals that equivalent performance is achieved
across different parameter combinations, confirming that
performance depends critically on τ , as predicted by The-
orem 2. This provides strong empirical evidence that in
the presence of delays, the iterates {xk}k≥0 asymptotically
track the trajectory of the DDE in (F3’) rather than the
ODE in (F3), as occurs in the delay-free case.

3.3 Decaying Learning Rate

We run multiple experiments training the neural network
using SGD with decaying learning rates αn = A/nq for



some constant A and q ∈ {0.6, 0.7, 0.8, 0.9, 1.0} and delays
d ranging from 100 to 104. Note that the learning rates
satisfy (R1) for all q ∈ (0.5, 1]. The performance plots for
two different values of A are shown in Fig. 3.

Fig. 3. Performance as a function of delay for different
decaying learning rates of the form 0.5/kq for q ∈
{0.6, 0.7, 0.8, 0.9, 1.0} under SGD training on MNIST.

Despite the theoretical predictions of Thm. 2 that the
iterates will converge asymptotically to the same equilib-
rium point for uniformly bounded delays, the empirical
performance shown in Fig. 3 suggests that in practice
performance still degrades once delay is above a critical
threshold. Interestingly, the behavior as a function of delay
depends on the constant A rather than the exponent q
of the learning rate. Similar behavior has been observed
in finite-time analysis of SGD without delays (Bach and
Moulines, 2011). Crucially, Eq. (4) shows that both the
convergence rate (through the exponential decay factor)
and the asymptotic error floor scale linearly with the
maximum delay D, explaining why larger delays require
proportionally longer training horizons to approach com-
parable accuracy. The experiments confirm this theoretical
prediction: achieving performance comparable to the zero-
delay regime necessitates reducing the step size α (which
slows convergence) extending the iteration budget to ac-
commodate the degraded convergence rate.

4. ADAPTIVE LEARNING RATES

SDG is a first-order method and can have slow convergence
in ill-conditioned optimization landscapes. For this reason,
adaptive learning rate methods such as Adam (Adaptive
Moment Estimation) (Kingma and Ba, 2015) and Aga-
Grad (Adaptive Gradient) (Duchi et al., 2011), which
precondition using estimated curvature to mimic a second
order method, have become standard in deep learning due
to their ability to automatically adjust the learning rates.

In AdaGrad, the component-wise learning rates are
computed suing cumulative gradient statistics Gk =∑k

i=1 ∇F (xi, wi) ⊙ ∇F (xi, wi) (where ⊙ denotes the
Hadamard product). Adam combines exponential moving
averages of the gradients and their second moments with
the parameter update

xk+1 = xk − α

(
√
v̂k + ε)

m̂k,

where m̂k = mk/(1 − βk
1 ), v̂k = vk/(1 − βk

2 ) are the bias-
corrected moments (Kingma and Ba, 2015) and βk

1 , β
k
2

are appropriate hyperparameters. Linearizing momentum-
type updates on a quadratic with Hessian eigenvalues
yields a second-order recurrence per eigenmode. Adam’s
dynamics are more intricate because of the time-varying
denominator and the coupled (mk, vk) state; for rigorous

instability and non-convergence examples for Adam (and
fixes such as AMSGrad) see, e.g., Reddi et al. (2018).

One might anticipate that Adam’s adaptive per-coordinate
learning rates, through the denominator’s curvature ap-
proximation, would compensate for the delayed gradient
information by effectively rescaling the step size to match
the underlying geometry, thereby yielding a more accurate
effective learning rate than the nominal stepsize α em-
ployed in the optimization process. Under this hypothesis,
Adam should exhibit improved convergence properties in
delay settings compared to non-adaptive methods. How-
ever, our empirical findings do not support this expecta-
tion: the experiments reveal that Adam’s adaptive mech-
anism does not sufficiently ameliorate the convergence
degradation induced by gradient delays.

4.1 Empirical Study of Adaptive Learning Rates

We run multiple experiments training the neural net-
work using Adam and AdaGrad optimizers with initial
learning rates α ∈ {10−3, 10−4} for Adam and α ∈
{10−2, 10−3, 10−4} for AdaGrad and delays d ranging from
100 to 104. The performance plots are shown in Fig. 4.

Fig. 4. Performance of Adam and Adagrad optimizers
under different delays on MNIST.

The performance of all variations of the adaptive opti-
mizers is comparable to SGD, provided that the initial
learning rates are smaller than that of SGD by approxi-
mately an order of magnitude (as evidenced in Fig. 1 and
Fig. 4, where comparable Adagrad performance occurs at
α = 10−4 compared to SGD’s α = 10−3). As specified
in the experimental setup, this rescaling directly necessi-
tates a 10-fold increase in the total iteration count—from
T (α) = 103/α—to maintain a constant effective training
budget in terms of parameter displacement. Moreover, the
best performance is attained only in the final 60–90%
of these extended iteration counts across the 20 random
seeds, meaning that the full 10-fold computational over-
head must be incurred to realize any benefit.

Consequently, training with first-order adaptive step-size
optimizers incurs a prohibitively high computational cost
in high-delay regimes, requiring ten times as many itera-
tions as SGD to achieve comparable accuracy. This finding
suggests that while momentum accumulation and adaptive
scaling mechanisms are not entirely incompatible with
delayed gradient information, they fundamentally alter the
convergence time scales in a manner that negates their
practical advantage over simpler methods like SGD.

4.2 Emperical Study of Second-order Methods

Second-order optimization methods such as Newton’s
method leverage curvature information to address chal-



lenges in ill-conditioned loss landscapes (Martens, 2010).
Storing the full Hessian as a p × p matrix, where p is
the number of parameters, is infeasible for large-scale
models. Quasi-Newton methods and conjugate gradients
provide methods to estimate the Hessian efficiently. For
our empirical study, we choose the limited-memory Broy-
den–Fletcher–Goldfarb–Shanno (L-BFGS) algorithm (Liu
and Nocedal, 1989) and Conjugate Gradient-Hessian Vec-
tor Product (CG-HVP) (Martens, 2010) to perform Hes-
sian updates. L-BFGS maintains a compact representation
of the inverse Hessian approximation using a fixed number
of recent gradient differences and parameter updates. CG–
HVP, by contrast, avoids storing any Hessian represen-
tation entirely, instead applying conjugate-gradient (CG)
solvers to compute Hessian–vector products rather than
storing full second-derivative matrices.

Fig. 5. Performance of L-BFGS approximate Newton
method under different delays on MNIST.

We evaluate both L-BFGS and the conjugate gradient
method across various algorithm parameters and delays
d ∈ [100, 104]. The results for these experiments are
presented in Fig. 5 and Fig. 6, respectively. The results
show that despite incorporating second-order information,
L-BFGS performance degrades under delay similarly to
SGD and adaptive methods. In contrast, the conjugate
gradient method is more robust, exhibiting noticeably less
deterioration than L-BFGS in the high-delay regime.

Fig. 6. Performance of original conjugate gradient method
under different delays on MNIST.

Quasi-Newton methods such as L-BFGS rely on curvature
pairs (sk = xk+1−xk, yk = ∇F (xk+1)−∇F (xk)) that im-
plicitly assume temporal coherence between iterates (Liu
and Nocedal, 1989; Byrd et al., 2016). Delayed gradients
violate the underlying secant condition, degrading inverse-
Hessian approximations and requiring careful synchroniza-
tion or variance control (Mokhtari et al., 2018).

5. DELAY-TOLERANT NEWTON’S METHOD

5.1 Theoretical analysis of Newton’s method delayed updates

In this section, we consider the convergence properties
of Newton’s method with delayed updates for strongly

convex optimization problems. Under appropriate delay
bounds, we establish global convergence guarantees and
provide explicit convergence rates. The derivation extends
the recursive argument of Polyak (1987); however, due
to the delay term, the resulting update behaves as a
perturbed fixed-point iteration instead of exhibiting pure
quadratic convergence.

Let f : Rp → R be a twice differentiable function that
satisfies the following conditions:

(C1) F is strongly convex with constant ℓ > 0, i.e.,

F (y) ≥ F (x)+∇F (x)⊤(y−x)+
ℓ

2
∥y−x∥2, ∀x, y ∈ Rp.

(C2) ∇2F is Lipschitz continuous with constant L, i.e.,

∥∇2F (x)−∇2F (y)∥ ≤ L∥x− y∥, ∀x, y ∈ Rp.

In the Newton’s method with delayed updates, given
initial condition {x−2d, . . . , x−1, x0}, we update the values
{xk}k≥0 as follows:

xk+1 = xk −H−1
k−d∇F (xk−d), k ≥ d, (5)

where Hk−d = ∇2F (xk−d). Define:

qk :=
L

2ℓ2
∥∇F (xk)∥, Qn := max

k∈[n−2d,n]
qk

We assume that the initial conditions satisfy the following
assumption:

(C3) Let Q0 := maxk∈[0,2d]
L
2ℓ2 ∥∇F (xk)∥, where ℓ and L

are as defined in (C1) and (C2). If Q0 ≤ (1 − a)/b and
Qk ≤ Q). Then from Qk+1 ≤ aQk + bQ2

k , there exists a
ρ ∈ (0, 1) such that for all k ∈ {0, . . . , 2d− 1}, we have
that qk ≤ ρqk−1 and Q0 ≥ aQ0 + bQ2

0 where

a =
Lρd+1(1− ρd)

ℓ(1− ρ)
, b =

2ρd+1(1− ρd)

1− ρ
+ 1

Theorem 3. Under (C1), (C2) and (C3), Assume the re-
currence

Qk+1 ≤ aQk + bQ2
k, a < 1, b > 0.

If the initial condition satisfies

aQ0 + bQ2
0 ≤ Q0

(
i.e., Q0 ≤ 1− a

b

)
,

then Qk → 0 and the Newton’s method with delayed
updates (5) converges to x∗.

Proof. A detailed proof is omitted due to space con-
straints. The high-level idea of the proof is to start with a
Taylor series expansion of ∇F (xk+1), simplify the expres-
sion using properties (C1) and (C2), and use it to bound
the drift ∥xk − xk−d∥, and use (C3) to argue convergence.

5.2 Delay-Tolerant Conjugate Gradient Newton Method

This section introduces the Delay-Tolerant Conjugate Gra-
dient Newton method. From the theoretical analysis of
Theorem. 3, we can modify the Conjugate Gradient CG-
HVP algorithm to handle gradient delays in asynchronous
distributed optimization. Unlike classical Newton meth-
ods that compute second-order updates using the current
model state, our approach decouples Hessian computation
from update application by storing precomputed Newton
directions in a delay queue. Specifically, at iteration j, we
compute the Newton direction vj by solving (Hj+λI)vj =



−gj via conjugate gradient (where gj is the gradient and
Hj is the Hessian at the current state), but apply the
delayed direction vj−d (where d is the delay) to update
parameters: θj+1 = θj +αvj−d. This asynchronous update
mechanism critically requires recomputing loss graphs at
each HVP evaluation within the CG solver to avoid cap-
turing stale computational graphs.

Fig. 7. Performance of modified conjugate gradient method
under different delays on MNIST.

The experiment presents the performance of the modified
CG-HVP in which the gradient and the Hessian esti-
mates are corrected to account for parameter staleness
Fig. 7. It demonstrates the strongest delay tolerance of all
methods considered—accuracy remains consistently above
80% across the entire delay range d ∈ [100, 104], with
only marginal deterioration even at the largest delays
tested. Moreover, despite employing smaller step sizes,
second-order methods typically require only modest itera-
tion counts—often on the order of twice that of SGD—to
achieve comparable convergence. This contrast reinforces
the principle established in the preceding section: robust-
ness under asynchronous updates depends critically on en-
suring that curvature information is evaluated and applied
at a consistent iterate. The residual sensitivity of modified
L-BFGS to large delays suggests that its historical buffer,
even when corrected, introduces a lag that matrix-free
methods avoid entirely. Together, these results validate the
delay-aware correction strategy and identify modified CG–
HVP as the most practically robust second-order method
in high-delay regimes.

6. CONCLUSIONS

This paper systematically investigates the gap between
theoretical convergence guarantees and empirical behavior
in delayed stochastic approximation. Our analysis estab-
lishes the fundamental relationship between learning rates
and delay tolerance through the effective lag parameter
τ = αd, enabling enhanced delay margin without pro-
hibitively small learning rates, while revealing how delay
stabilization theory diverges from practical behavior in
realistic settings. We further identify the Hessian delay
shift as a fundamental limitation shared by adaptive op-
timizers and second-order methods alike, and propose a
Hessian-based correction framework using modified Conju-
gate Gradient iterations with efficient Hessian-vector prod-
ucts to address this deficiency. Our theoretical analysis
establishes convergence guarantees for stochastic approxi-
mation with delayed updates, demonstrating that second-
order techniques can be effectively adapted for delay-
robust optimization. The empirical validation confirms
that these theoretical advances translate into practical
improvements, providing a principled approach for asyn-
chronous optimization in distributed learning settings.
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