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"The system model I

Y . Xty IFU.t = 1
YT e, iU =0 Distortion

d(Xe, X¢)

Markov X Y N
: Transmitter —/—tb Receiver —» X
Source U,

Xer1 =Xe + Wy Ue = fe(Xqt, Urie—1) ﬁt = ge(Y1:¢)

Communication Strategies
» Transmission strategy f = {f¢}° .
» Estimation strategy g = {g¢}{2,-
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2. Average cost setup, p =1
T—1

T—1
Di(f,g) =limsup 1B [ 3 aX —Ro)];  Ni(f,0) =limsup LES [ 3~ u,]
t=0
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mptimization problems B

Costly communication
ForanyA € Roo, Cj(A) = Cp(f,g5A) = (LnF) {Ds(f,g)+ANg(f,g)}
»9

Constrained communication
Forany o € (0,1), Djla) = (LHF) {Drs(f,g) :Ng(f,g) < oc}
yg
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mptimization problems

B

Costly communication
Forany A € R,

Constrained communication
Forany « € (0, 1),

C*

D

s(A) =Cp(f*, g% A) = (ifngF) {Dg(f,g)+ANg(f, g)}

(o)

= (Lng) {Dg(f,g): Ng(f,g) < a}

Distortion-transmission trade-off
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We provide explicit computable expressions for both curves
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Comparison to Information Theory
» Costly communication is analogous to communication under power constraint.
» Distortion-transmission is analogous to distortion-rate trade-off.
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Comparison to Information Theory
» Costly communication is analogous to communication under power constraint.
» Distortion-transmission is analogous to distortion-rate trade-off.

» The source reconstruction must be done in real-time (or with zero delay).

Comparison to real-time communication

» Special case of the real-time communication model
[Witsenhausen 1979, Walrand-Varaiya 1983, Teneketzis 2006, Teneketzis-Mahajan 2009 . . .].

» Existing results in the literature establish structure of optimal coding strategies
and a dynamic program to identify optimal strategies.

» The resultant dynamic programs correspond to decentralized control problem
and are hard to solve.
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Comparison to Information Theory
» Costly communication is analogous to communication under power constraint.
» Distortion-transmission is analogous to distortion-rate trade-off.

» The source reconstruction must be done in real-time (or with zero delay).

Comparison to real-time communication

» Special case of the real-time communication model
[Witsenhausen 1979, Walrand-Varaiya 1983, Teneketzis 2006, Teneketzis-Mahajan 2009 . . .].

» Existing results in the literature establish structure of optimal coding strategies
and a dynamic program to identify optimal strategies.

» The resultant dynamic programs correspond to decentralized control problem
and are hard to solve.

Our approach
» Previous results have established the structure of optimal strategies.

» Exploit the structural results to explicitly identify optimal strategies.
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mlodeling assumptions

Markov chain setup

State spaces X, W, € Z
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mlodeling assumptions

Markov chain setup
State spaces X, W, € Z

Noise distribution Unimodal and symmetric
Pe =P—e 2 Pe+1

Unimodal and symmetric distribution
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mlodeling assumptions

Markov chain setup
State spaces X, W, € Z

Noise distribution Unimodal and symmetric
Pe =P—e 2 Pe+1

Distortion  Even and increasing
d(e) = d(—e) = d(e+1)

Unimodal and symmetric distribution

Guass-Markov setup
Xe, Wy € R

Zero-mean Gaussian
(PG(')

Mean-squared
d(e) = lel?

Even and increasing distortion
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Step 1l Structure of optimal strategies

Model the communication system as decentralized stochastic control
» Two decision makers: transmitter and receiver. Non-nested information.

» Common-information approach [Nayyar-Mahajan-Teneketzis 2013]

Equivalent centralized problem from the point of view of a coordinator.

Choose code functions at each step (rather than actions).
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Step 1l Structure of optimal strategies

Model the communication system as decentralized stochastic control
» Two decision makers: transmitter and receiver. Non-nested information.

» Common-information approach [Nayyar-Mahajan-Teneketzis 2013]

Equivalent centralized problem from the point of view of a coordinator.
Choose code functions at each step (rather than actions).
Previous results

» Guass-Markov setup [Lipsa-Martins 2009 and 2011, Molin-Hirche 2009]

» Markov-chain setup [Nayyar-Basar-Teneketzis-Veeravalli 2013]
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Step 1l Structure of optimal strategies

Model the communication system as decentralized stochastic control
» Two decision makers: transmitter and receiver. Non-nested information.

» Common-information approach [Nayyar-Mahajan-Teneketzis 2013]

Equivalent centralized problem from the point of view of a coordinator.

Choose code functions at each step (rather than actions).

Previous results
» Guass-Markov setup [Lipsa-Martins 2009 and 2011, Molin-Hirche 2009]

» Markov-chain setup [Nayyar-Basar-Teneketzis-Veeravalli 2013]
Proof idea: Majorization-based partial order on belief states.

Prove that © >, ¢ = V(7) > V(o).

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)



Structure of optimal estimator (Nayyar et al, 201 3)j

Transmitted Let Z; denote the most recently transmitted value of the Markov
Process source.

Zo=0 and Z,= X !Fut:];

th] IFUt = O

The estimator can keep track of Z; as follows:

\a iF Yy # ¢;

Zo=0 and Z,=
0 ¢ {Zt_1 iFYtZE.

6=
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Structure of optimal estimator (Nayyar et al, 201 3)j

Transmitted Let Z; denote the most recently transmitted value of the Markov
Process source.

Zo=0 and z =X TFUe=T:

th] IFUt = O

The estimator can keep track of Z; as follows:

\a iF Yy # ¢;

Zo=0 and Z,=
0 ¢ {Zt_1 iFYtZE.

Theorem 1 The process {Z.}°, is a sufficient statistic at the estimator and an
optimal estimation strategy is given by
Xi = gi(Z) = Z4 (+)

Remark » The optimal estimation strategy is time-homogeneous and can be
specified in closed form.

6 -
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Structure of optimal transmitter (Nayyar et al) |

Error process Let Ey = X¢ —Z_; denote the error process. {E¢}{°, is a controlled
Markov process where

Eo =0 and P(Et+1 :ﬂ|Et:e)ut:u):{penl> !Fu:O;
Pny iFu=1.

4,
7=
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Structure of optimal transmitter (Nayyar et al)

Error process Let Ey = X¢ —Z_; denote the error process. {E¢}{°, is a controlled
Markov process where

Ple—nl» iFu=0;

E():O and ]P’(Et+1=n|Et=e)Ut=u)={ .
P, iFu=1.

Theorem 2 When the estimation strategy is of the form (x), then {E¢}, is a
sufficient statistic at the transmitter.

Furthermore, an optimal transmission strategy is characterized by a
time-varying threshold {k¢}$° ,, i.e.,

1 iF[Ee = ke

Uy = £ () =
¢ = felEd) {o iF [E¢| < k.

4,
7=
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Main idea B

Restrict attention to time-homogeneous estimation strategies of the form
Xt = gi(Z¢) = Z4.

Consider the problem of finding the best-response transmission strategy.

Under appropriate technical conditions, the best-response strategy is time-homogeneous.
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Main idea B

Restrict attention to time-homogeneous estimation strategies of the form
Xt = gi(Z¢) = Z4.

Consider the problem of finding the best-response transmission strategy.
Under appropriate technical conditions, the best-response strategy is time-homogeneous.

Find the best treshold-based strategy within the class 7 = {f¥) : k € Z-,} where

) (e] {1 iFlel >k

0 otherwise W

Search space of
strategies (f, g)
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Performance of threshold strategies

Consider a threshold-based strategy

£ (e) = 1 iflel >k
0 otherwise
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Performance of threshold strategies A

Consider a threshold-based strategy Let T%) denote the stopping time of
first transmission (starting at Eo = 0).

£ (e) = 1 iflel >k
0 otherwise

9=
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Performance of threshold strategies

Consider a threshold-based strategy Let T%) denote the stopping time of
first transmission (starting at Eo = 0).

£ (e) = 1 iflel >k
0 otherwise

()1

Define »Lg>:(1—5)m[ Y Btd(Ey
t=0

Eozﬂ.

()1

»MF =(1-BIE| Y B
t=0

Eozﬂ.
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Performance of threshold strategies A

Consider a threshold-based strategy Let T%) denote the stopping time of
first transmission (starting at Eo = 0).
1 iflel >k
f(k)(e) = -
(€] 0 otherwise .

—kllecscccscsscssosssssssss:
()1
Define »Lg‘):U—B)IE[ Yy ﬁtd(Et)Eozo}.
t=0
()1
»Mg‘)zu—fs)ﬁ[ Yy BtEo:O].
t=0

Proposition {E{}%°, is a regenerative process and by renewal theory, we have that

Ly 1
D =Dp(f, g = “igy and NG = Np (1), 6%) = o = (1= B).
B M
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Computing Dg‘) and Ng{) a

Notation » 8™ ={—(k—1),...,k—1}
> [P(k)]ij = Pli—jl for i,j € S(k).

» [dM]; = d(i), forie 8.

» 1K), =1, For i e 8§(K).

",
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Computing Dg‘) and Ng{)

Notation » 8™ ={—(k—1),...,k—1}
> [P(k)]ij = Pli—jl for i,j € S(k).
» [dW]; = d(i), forie 8§,

» 1K), =1, For i e 8§(K).

Proposition » LY = [[1—gP()]-1d()] .

» MG = [[1—ppII=110]
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Computing Dg{) and Ng{) a

Notation » 8™ ={—(k—1),...,k—1}
> [P(k)]ij = Pli—jl for i,j € S(k).

» [dM]; = d(i), forie 8.

» 1K), =1, For i e 8§(K).

Proposition » LY = [[1—gP()]-1d()] .

> Mék) — [[I _ Bp(k)]—1](k)]o_

Dg‘) and Ng{) can be computed using these expressions.

",
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Step .3 Properties of optimal thresholds B

Depends on

Monotonicity Lgﬁ” > Lg” and Mgm) > Mgk) . | |
unimodularity of noise

",

) ) o ) 115
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Step .3 Properties of optimal thresholds

Monotonicity Le Y > 15 and MEHD > M
Implication:
(k+1) (%) (k+1) (k)
Dg > Dy and N[3 < NB

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)

Use DP and
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Step .3 Properties of optimal thresholds

Monotonicity Le Y > 15 and MEHD > M
Implication:
(k+1) (%) (k+1) (k)
Dg = Dy and N[3 < NB

Submodularity Cg‘)U\] = Dg‘) -l—?\NfSk) is submodular in (k,A).
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Step .3 Properties of optimal thresholds

Monotonicity Le Y > 15 and MEHD > M
Implication:
(k+1) (%) (k+1) (k)
Dg > Dy and N[3 < NB

Submodularity Cg‘)U\] = Dg‘) -l—?\NFSk) is submodular in (k,A).

Proof: C (M) — 5V () =D (A) = DY (A) = ANEI () = NG ().
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Step .3 Properties of optimal thresholds

Monotonicity Le Y > 15 and MEHD > M
Implication:
(k+1) (%) (k+1) (k)
Dg > Dy and N[3 < NB

Submodularity Cg‘)U\] = Dg‘) -l—?\NFSk) is submodular in (k,A).

Proposition kj(A) :=arg min CS”(A) is increasing in A.
keZ;O

Alk=1)
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Step .3 Properties of optimal thresholds

Monotonicity Le Y > 15 and MEHD > M
Implication:
(k+1) (%) (k+1) (k)
Dg > Dy and N[3 < NB

Submodularity Cg‘)U\] = Dg‘) -l—?\NFSk) is submodular in (k, A).

Proposition kj(A) :=arg min CS”(A) is increasing in A.
keZ;O

Define AY) ={A € Rso:k5(A) =k} = A VAFL 4
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{ Step 3 Optimal costly communication B

A

",
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A
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{ Step 3 Optimal costly communication

A

k k k+1 k
C(B )(7\}3 )) _ CES + )()\é ))
Dy ! (1) (k)
i A\ _ P —Dpg

D[(Sk+1) E B Ng() Nl(ngr”

D i
(Ak) > A

}\ﬁ
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{ Step 3 Optimal costly communication B

by | : (1) _ (k)
. | +1)
| | Ao _ Dp Pg
DY+ E E P Ng() — Nl(ngr”
Dy | |
}\E;kj }\gcﬂ) > A

",
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{ Step 3 Optimal costly communication B

(k) (k+1)
A ?\ﬁ

",
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{ Step 3 Optimal costly communication B

(k) (k+1)
A ?\B

Theorem » Forall A € (7\}3“,7\%“”} the threshold strategy 1) is optimal.

> C}}()\) = MiNyez_, Cg‘) is piecewise linear, continuous, concave, and
increasing function of A.

i : . o . 123
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{ Step 3 Optimal costly communication

Theorem » Forall A € (7\}3“,7\%“”}

(k

increasing function of A.

the threshold strategy f'**1) is optimal.

> C}}()\) = MiNyez_, CB Vis piecewise linear, continuous, concave, and
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threshold strategies (%)

Search space of
strategies (f, g)

NJER Values of A for which (Wl Distortion-transmission
) is optimal trade-off
A
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Step 'l Distortion-transmission trade-off I

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(C1) Ng(f°,9°) =«

(C2) There exists A° > 0 such that (f°, g°) is optimal for Cp(f, g;A°).

",

=132
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Step 'l Distortion-transmission trade-off

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(C1) Ng(f°,9°) =«

(C2) There exists A° > 0 such that (f°, g°) is optimal for Cp(f, g;A°).

D(k+2) h *
b : Let k[3 be such that
| (k%) (K% +1)
DYk+D | Ng® >o>Ng™*
]
DY :
]
e > )\
A
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Step 'l Distortion-transmission trade-off

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(C1) Ng(f°,9°) =«

(C2) There exists A° > 0 such that (f°, g°) is optimal for Cp(f, g;A°).

D (k+2) |
P /': Let ki be such that
ple+D) : NGB S o s NUET
B £(%) optimal B B
]
DY :
]
)\Q‘) -
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Step 'l Distortion-transmission trade-off

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(C1) Ng(f°,9°) =«

(C2) There exists A° > 0 such that (f°, g°) is optimal for Cp(f, g;A°).

/f(kﬂ) optimal

D (k+2) |
P /': Let ki be such that
ple+D) : NGB S o s NUET
B £(%) optimal B B
]
DY :
]
)\Q‘) -

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)

“a

",

3
fs‘



Step 'l Distortion-transmission trade-off

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(C1) Ng(f°,¢°) =«
(C2) There exists A° > 0 such that (f°, g°) is optimal for Cp(f, g;A°).

/f(kﬂ) optimal

Dk+2) |
B /: Let I be such that
i (k%) (k5 +1)

D}?’kﬂ) 7 optimaﬂ NB >a >N B

Bernoulli randomized strategy (0%, (%) f**1) is optimal where
O NG + (1 — 0 NG = «
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Step 'l Distortion-transmission trade-off B

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(
(

(k+1) (k+1)
D’ (o) (Ng™ 5 Dg ")

(Ng?, D)

A\

—_—

0 X

| i

Bernoulli randomized strategy (0%, (%) f**1) is optimal where
O NG + (1 — 0 NG = «

T
%

i =132
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Step 'l Distortion-transmission trade-off B

Sufficient conditions for constrained optimality
A strategy (f°, g°) is optimal for the constrained communication problem if

(
A
(
D% () (k+1),D§3k+1))
N(k) Dék))
0 x ~\‘xc 1 g
)
| ( "

Bernoulli randomized strategy (0%, (%) f**1) is optimal where
O NG + (1 — 0 NG = «

T
%

i =132
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Step ' Features of optimal strategy

Optimal strategy

if le] > K

w.p. 0% ifle| = K
w.p. 1 —0*ifle| = K
if le] < K

C O =

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)
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"IE3X Features of optimal strategy a

Optimal strategy

1 iflel > kj
*(e) = 1 wp. 0 iflel =k Randomized action
0 wp. 1—-6%iflel = kj at a single state
I le] < kg

) ) o ) 2143
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"IE3X Features of optimal strategy a

Optimal strategy

(1 iflel >k} ‘
*(e) = 1 wp. 0% if el = kp Randomized action
0 wp. 1—-6%iflel = kj at a single state
0 TPl <K;

Deterministic implementation
Time-sharing strategies
» Assume 0* = a/(a + b).

» Choose strategy f(¥") for a visits to state zero and strategy f(*"*1) for b visits to state
zero and so on.

,
2143
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"IE3X Features of optimal strategy a

Optimal strategy

(1 iFlel >k 7
ey )1 wp. 0%iflel = K Randomized action
f*(e) = .. i
0 wp. 1—0"ifle] =k at a single state
0 IFfel< k"é

Deterministic implementation
Time-sharing strategies
» Assume 0* = a/(a + b).

» Choose strategy f(¥") for a visits to state zero and strategy f(*"*1) for b visits to state
zero and so on.

Steering strategies:
» Let al denote the number of times action i is chosen in the past.

» At states {—k*, k*} choose an action that steers the empirical frequency closer to the
desired randomization probability.

,
2143
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"An example: Symmetric birth-death Markov Chain B

1—2p 1—2p 1—-2p 1—2p 1—-2p
p p p p p p
P, iFli—jl = 1; ]
Py =< 1-2p, ifi=j; where p € (0, 5), d(e) = el

0, otherwise,

& Yl
) ) o ) 2153
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"An example: Symmetric birth-death Markov Chain

1—2p 1—2p 1—-2p 1—2p 1—-2p

Discounted cost LetKg =—2— (1—pB)/Bp and mg = cosh™' (—Kg/2).

D _ sinh(kmg) — ksinh(mg)
P 2sinh?(kmg/2) sinh(mg)
N _ 2Bp sinhz(mB/Z) cosh(kmg) _

1—
? sinh? (kmg /2) (1=F)

2_
Average cost D = ks—k] and N(¥ = 2P

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)
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"An example: Symmetric birth-death Markov Chain

1—2p 1—2p 1—-2p 1—2p 1—-2p

Discounted cost LetKg =—2— (1—pB)/Bp and mg = cosh™' (—Kg/2).
Dk _ sinh(kmg) — ksinh(mg)
? 2 sinhz(kmB/ZJ sinh(mg)

N _ 2Bp sinhz(mB/Z) cosh(kmg) _
P sinh? (kmg /2)

(1—8)

A can be computed in terms of D) and N/,

2_
Average cost D = ks—k] and N(¥ = 2P

A _ k(e + 12 + k+1)
T 6p(2k+1)
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"An example: Symmetric birth-death Markov Chain

1-2p 1—-2p 1—-2p 1—-2p 1—-2p

Discour p =03
2 B=1
1.5 B =09
3 (M)
1 B=0.8
0.5
Ave % 5 10 15 o N

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)



"An example: Symmetric birth-death Markov Chain

1—2p 1—-2p 1—-2p 1—-2p 1—-2p

Discounted cost LetKg =—2— (1—pB)/Bp and mg = cosh™' (—Kg/2).

D _ sinh(kmg) — ksinh(mg)
P 2sinh?(kmg/2) sinh(mg)
N _ 2Bp sinhz(mB/Z) cosh(kmg) _

1—
? sinh? (kmg /2) (1=F)

_sinh?(myg /2) cosh(kmg) _ 1+ a—B

k* =su keZ . =
p = SUP { >0 sinh?(kmgp/2) 2Bp

|

2_
Average cost D = % and N(¥ = 2P
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"An example: Symmetric birth-death Markov Chain

1-2p 1—-2p 1—-2p 1—-2p

1—-2p

Discouf p=03

7
B=1.0——m

6 p=09——

5 B=0.8—

k’é 4 lﬂ

3

2

1

Ave 05 0.05 0.1 0.15 0.2
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"An example: Symmetric birth-death Markov Chain

1-2p 1—-2p 1—-2p 1—-2p 1—-2p

RO ERVERVER NS

Discour

D («) B =0.9

Ave
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"Summary

The system model

. {xt, iFU, =1

Distortion
d(Xe, Xe)

e, FU =0
Markov X Y
L Transmitter / !
Source Uy
Xep1 =X + W, Uy = fe(Xq:, Upie—1)

1. Discounted setup, p € (0,1)

2. Average cost setup, p =1
.

+

0

Distortion-transmission trade-off— (Chakravorty and Mahajan)

o

Receiver —»X,

Dg(f,9) = (1-BIESY [} BraXe—Ro];  Nglf,g) =
t=0

>A(t = g¢(Y1:e)

(1-BES [Y gy

t=0

1 T—1
. 1 " : 1
D](f,g):hmsupTIEéf’g)[E d(Xt—Xt)]; Nﬂf,g):llmsupTlE(()f‘g)[E ut]
T—oo T—oo =0

|

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)

S

K7

",

-
ﬁ:‘



"Summary

The system model

Optimization problems

Costly communication
ForanyA € R.o, Cjh(A) = Cp(f*, g% A) = (ian) {Dg(f,g)+ANg(f,g)}
yg

Constrained communication

Xt )
Forany € (0,1), Dj(«) = (!an) {Dg(f,g) : Np(f,g) < o}
,9
1. Dis
Dg
4 e
2. Ave *
Dj
Dy (
Distortion A x
C} is cts, inc, and concave D7, is cts, dec, and convex
Distortion-transmission trade-off— (Chakravorty and Mahajan) g ll
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"Summary

The system model

Optimization problems

]

Distortion-

Cos
X, Con
1. Dis
Dg
2. Ave %
Ch
Dy (

Distortion-

\ Distortion-transmi

SRl Structure of optimal strategies

Z

Search space of
strategies (f, g)

Values of A for which
£(%) is optimal

Performance of arbitrary

(Wl Distortion-transmission

11

threshold strategies f(¥)

trade-off

S,

K7

-
ﬁ:‘



rConclusion

Analyze a fundamental trade-off in real-time communication
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rConclusion

Analyze a fundamental trade-off in real-time communication

Possible generalizations (where the proposed approach may work)
» Symmetric Anite sources
» Erasure channels
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rConclusion

Analyze a fundamental trade-off in real-time communication

Possible generalizations (where the proposed approach may work)
» Symmetric Anite sources
» Erasure channels

More realistic models (where the proposed approach will fail)
» Non-symmetric sources

» Rate constraints (affect of quantization)

» Network delays

\ Distortion-transmission trade-off— (Chakravorty and Mahajan)



rConclusion

Analyze a fundamental trade-off in real-time communication

Possible generalizations (where the proposed approach may work)
» Symmetric Anite sources
» Erasure channels

More realistic models (where the proposed approach will fail)
» Non-symmetric sources

» Rate constraints (affect of quantization)

» Network delays

Full version to be posted on arxiv soon.
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