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Abstract In this paper, the authors revisit decentralized control of linear quadratic (LQ) systems.
Instead of imposing an assumption that the process and observation noises are Gaussian, the authors
assume that the controllers are restricted to be linear. The authors show that the multiple decentralized
control models, the form of the best linear controllers is identical to the optimal controllers obtained
under the Gaussian noise assumption. The main contribution of the paper is the solution technique.
Traditionally, optimal controllers for decentralized LQ systems are identified using dynamic program-
ming, maximum principle, or spectral decomposition. The authors present an alternative approach
which is based by combining elementary building blocks from linear systems, namely, completion of
squares, state splitting, static reduction, orthogonal projection, (conditional) independence of state

processes, and decentralized estimation.

Keywords Decentralized estimation, decentralized stochastic control, linear quadratic systems, team
theory.

1 Introduction

Optimal control of linear systems with quadratic cost (henceforth referred to as LQ systems)
is one of the most popular areas of Systems and Control. Such models are popular because
dynamical systems arising in various application domains can be approximated to have linear
dynamics; moreover, minimizing the energy used to control such systems naturally corresponds
to a cost that is quadratic in the state and control. But, another reason for the appeal of such
models is that the optimal controllers are easy to implement because they satisfy a separation
property, highlighted below.
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BEST LINEAR CONTROLLERS FOR DECENTRALIZED LQ SYSTEMS 211

The optimal controller of an LQ is a linear function of the controller’s estimate of the state
of the system. The gain of such a feedback controller can be computed based on a solution of
a backward Riccati equation. When the process and the observation noises are Gaussian, the
state estimate can be recursively updated based on the solution of a forward Riccati equation,
where the forward and backward Riccati equations can be solved separately. This is known as
the separation between estimation and control. See [1] for an overview.

However, the situation is drastically different in decentralized control (also called team
theory). Decentralized control or team problems can be classified as static or dynamic: A team
problem is called static if the observations of an agent do not depend on the past actions of
any agent (including itself); otherwise the problem is called dynamic. Static team problems

were first analyzed by Radner[?!

who showed that when all the system variables are jointly
Gaussian and the the cost is quadratic, the optimal decentralized control laws are linear and
the corresponding gains can be obtained by solving a linear system of equations. However, the
situation is drastically different for dynamic teams.

In a seminal paper, Witsenhausen!®! showed that for a two-stage system with linear dy-
namics, quadratic cost, and Gaussian disturbance, non-linear strategies can outperform the
best linear strategies when the agent at stage 2 does not have access to all the information
that was available to the agent at stage 1. A similar counterexample for longer horizons is
presented in [4]. A partial resolution was provided by Ho and Chul!, who showed that there is
no loss of optimality in restricting attention to linear strategies when the system has partially
nested information structure. The result was generalized in [6] to stochastic nested information
structures. However, these results do not provide a way to identify sufficient statistics for the
optimal control for general models.

An alternative approach is to a priori restrict attention to linear (or affine) control strategies.
There are two challenges in finding the best linear controllers. The first challenge is that the
optimization problem for finding the best linear controllers may not be convex in general. It
may be converted into a convex model matching problem only when the sparsity pattern of

7]

the plant and the controller have a specific structure such as funnel causalityl”, quadratic

invariancel®!, or their variations!®). The second challenge is that the best linear controller may

[10] for a

not have a finite-dimensional representation, as was illustrated by Whittle and Rudge
completely decentralized controller.

In spite of these challenges, there are several positive results in decentralized control*-21]
where explicit formulas for the optimal controllers are derived. We refer the reader to [22, 23]
for a detailed literature review. In almost all of this existing literature, it is assumed that the
process and observation noises have a Gaussian distribution.

In an essay on the use of probability theory in Systems and Control, Willems®¥ had used
the example of filtering to argue that there are two interpretations of the use of probability in
Systems and Control. The first is prescriptive: For instance, in Kalman (and Wiener) filtering
it is assumed that the underlying physics of the model is such that the noise processes are
Gaussian. The second is descriptive: For instance, in least squares filtering it is assumed

that the signal processing is restricted to be linear without making any assumptions on the

@ Springer



212 AFSHARI MOHAMMAD - MAHAJAN ADITYA

distribution of the noise process. Both approaches give the same filtering equations but their
justifications and the guarantees provided by them are different.

Inspired by [24], we revisit decentralized LQ systems. Rather than imposing an assump-
tion that the distribution of the noise processes is Gaussian, we assume that the controller is
restricted to be linear function of the data, and seek to identify the best linear controller. Our
main contribution is to present an elementary approach to identify the best linear controller as
an alternative to dynamic programming, maximum principle, and spectral factorization meth-
ods commonly used in the literature.

This paper is dedicated to Prof. Peter E. Caines on his 80th birthday. Peter is an esteemed
colleague, an encouraging and uplifting mentor, and a role model. The approach presented
in this paper combines one of Peter’s favorite results — Viewing optimal estimation through
the lens of orthogonal projection in Hilbert space — With fundamental ideas of linear sys-
tems (namely, state splitting and completion of squares) and probability theory (conditional
independence of dynamical systems).

Notations We use the standard notation of stochastic control where x denotes the state
of a system and u denotes the control input. Moreover, w denotes the process noise and v
denotes the observation noise. Usually, subscripts indicate time and superscripts indicate the
index of the subsystem/agent. So x% denotes the state of state of subsystem i at time ¢. Similar
notation holds for other variables as well. Given vectors z, y, z, we use vec(z,y, z) as a short-
hand notation for [xT,yT,2T]T. Given vectors x1, 2, -+, x4, we use x1,; as a short-hand
notation for vec(xy, - ,x¢).

We use R to denote the set of real numbers and E[-] to denote expectation of a random
variable. For random variables w, z, y, z defined on a common probability space, we use the
notation = I y 1L z to denote that (x,y, z) are independent and « 1L y I z | w to denote that
(x,y, z) are independent given w.

Given matrices A, B, @, R, and P of appropriate dimensions, we define the Riccati update

operator as
R(P,A,B,Q,R) =Q+ ATPA - ATPB(R+ B"PB)BTPA,

and the feedback gain operator as
G(P,A,B,R)= (R+ B"PB)"'B"PA.

Moreover, given matrices C, %", ¥ of appropriate dimensions, we define the filtering gain

opertor as
F(2,C,x%) =2t (s +oxc™) L.

2 Background on Linear Filtering
2.1 Linear Estimation

Let x and y be random variables defined on a common probability space that are zero mean

and have finite variance. Let £(y) denote the linear subspace spanned by y. We use L[z | y] to
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BEST LINEAR CONTROLLERS FOR DECENTRALIZED LQ SYSTEMS 213

denote the best linear unbiased estimator (BLUE) of = given y, i.e.,

Lz | y] = argmin E[||x — EHQ]
zeL(y)

A standard result in least square filtering (see [25, Theorem 3.2.1]) is that
L[z | y] = Ky, where K = cov(x,y)var(y) . (1)

When z and y are jointly Gaussian then L[z | y] = E[z | y] but, in general, they are different.
Immediate implication of (1) is that the error  — L[z | y] is orthogonal to y, i.e., for any
z € L(y),

E[(z — L[z |y))2"] =0 and E[(x—Llz|y))"z] =0. (2)

2.2 Linear Filtering

Consider an autonomous linear system with state € R% and output y € R% which starts

at a known initial state z; and evolves as follows:
Tip1 = Azy +wy, Yy = Cag + vy,

where (4, C') are matrices of appropriate dimension and {w;};>1 and {v;};>1 are process and
observation noise processes. We assume that the random variables {1, w1, wsa,- -+ ,v1,v2, -}
are independent random variables that are zero mean and have finite variance. Let X7 denote
the variance of x; and ¥}’ and ¥}, ¢t > 1, denote the variance of w; and v, respectively.

Let Z; == L[x; | y1.¢] denote the best linear estimator of the state x; given the outputs y.¢.

Then, the estimate Z; can be updated recursively as follows:

Ty = Dy + Zt\t—lCT(CEtlt—lcT +39) " Ny — CZy—1), (3)
Typ = ATp_qje—1 + Zt\t—IOT(CEﬂt—lCT +39) " My — CAZy_14—1), (4)
Ty = A1 + Li(ye — CAZ ), (5)

where L; = F(X;,C,X") and the covariance matrices 3; are precomputable and given by the
forward Riccati equation
Et-ﬁ-l = R(Eta AT7 OT) 2?7 E;})v
with ¥; = ¥7.
When the noise processes {wy };>1 and {v;};>1 are jointly Gaussian, then the least squares

estimate is optimal over all (possibly non-linear) estimators and the update equation above

coincides with Kalman filtering equation.

3 Centralized Linear Quadratic Regulator Under Output Feedback

In this section, we revisit optimal centralized linear quadratic regulation by a single agent
with output feedback. This is a classical result!’: 26/, Our motivation for presenting a self-

contained proof is two-fold. First, instead of assuming that the process and observation noise

@ Springer
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processes are Gaussian, we do not impose any assumption on the distribution of the noise pro-
cess; rather, we assume that the agent is restricted to linear processing. Second, instead of
proving the result using the standard dynamic programming argument, we present an alterna-
tive proof which introduces four of the critical blocks that we use in our solution framework:

Completion of squares, state splitting, static reduction, and orthogonal projection.

3.1 System Model and Problem Formulation

Consider a discrete-time stochastic dynamical system that runs for a finite horizon 7. Let
x; € R% denote the state, u; € R% denote the control input, and 3, € R% denote the output.
We assume that the system starts from an initial state x; and for ¢t > 1 evolves as

Ter1 = Az + Bug +wy,  ye = Cay + vy, (6)

where (A4, B, C) are matrices of appropriate dimension. We assume that the primitive random
variables {1, w1, ,wp_1,v1,- -+ ,vp_1 } are independent random variables that are zero mean
and have finite variance. We use 37 to denote the variance of x; and ¥}" and X} to denote the
variance of w; and vy, respectively.

Remark 3.1 In the above model, the assumption that the matrices A, B, and C are
time-invariant is made for notational simplicity. The results generalize to time-varying A, B,
and C in a natural manner.

Information structure: We assume that an agent observes the output of the system and

chooses the control input. The information I; available to the agent at time ¢ is given by

Iy = {yl:ta ul:t—1}~

This information structure is typically called output feedback in the literature.
Admissible control strategies: The controller chooses the control input as a linear!

function of its information. In particular, we assume that the control input is chosen as

Ut = gt([t>7 (7)

where ¢; is a linear function and is called the control law at time ¢. The collection g :=
(91, - ,97-1) is called the (linear) control strategy.
System performance and control objective: For time t € {1, -+ ,T — 1}, the system
incurs a per-step cost
ez, up) = ) Qury + uf Ryuy (8)

and, at the the terminal time 7', the system incurs a terminal cost

CT(fT) = x;QTxT. (9)

tIn principle, we should consider affine (i-e., linear plus a constant term) controllers. However, since the
process and observation noises are zero mean, we can show that the constant term in an optimal affine strategy

will always be zero.
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BEST LINEAR CONTROLLERS FOR DECENTRALIZED LQ SYSTEMS 215

We assume that the matrices {Q1,--- ,Qr} are symmetric and positive semi-definite and the
matrices {Ry,- -+, Rp_1} are symmetric and positive definite.
The performance of any control strategy g is given by

T—1

J(g) = E [Z ce(ze,ur) + er(ar) |, (10)

t=1
where the expectation is with respect to the joint measure on all the system variables induced
by the choice of the strategy g.

We are interested in the following optimization problem:

Problem 3.2 For the system described above, given the horizon T, system dynamics
(A, B, (), the cost matrices (Q1.1, R1.7—1), and the noise statistics £\, and X}.,._, choose
a linear control strategy ¢ to minimize the total expected cost given by (10).

3.2 Building Blocks of the Optimal Solution

In this section, we present four building blocks that form the basis of our approach to solve
Problem 3.2.
Block 1: Completion of Squares

By a standard completion of squares argument, we can show the following:

Lemma 3.3 The performance (10) of any control strategy g can be written as

T—-1 T—1
J(g) =E {Z(Ut + Kywe) T Ay (ug + Ktl’t)] + Z Tr (S} Prya) + a1 Sian, (11)
t=1 t=1
Term I Term 1T

where Ay = Ry + BYP, 1B, K; = G(Pyy1, A, B, Ry), and the matrices {P,}1_, are computed

backward in time using the following recursion:

PT:QT cmdfortE {Ti]-a a]-}? Pt :R(Pt—O—laAvaQtht)'

Proof This is a standard result. See, for example, [26, Lemma 6.1]. |
When the agent can observe the system state (the so called state feedback setting), then
Lemma 3.3 can be used to infer the optimal controller. Observe that Term II in (11) is control
free (i.e., does not depend on the choice of the control actions). Therefore, minimizing J(g) is
equivalent to minimizing Term I of (11). Since R; is positive definite and we can recursively
show that P, is positive semi-definite, we have that A; = Ry + BTPtHB is positive definite.

Therefore, Term I of (11) is a sum of squares. Choosing
Uy = *Ktmt (12)

sets Term I to its minimum value of 0. Hence, in the case of state feedback, the strategy (12)
is optimal. However, the above argument does not work for output feedback.

In the rest of this section, we describe three additional blocks which help in generalizing
the solution approach for state feedback described above to the output feedback setting of
Problem 3.2.
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216 AFSHARI MOHAMMAD - MAHAJAN ADITYA

Block 2: State Splitting

The dynamical system of (6) consists of two inputs: The control input u; and the stochastic
inputs (w¢,v¢). We exploit the fact that the system dynamics are linear and split the system
into two components: a controlled component with initial state z§ = 0 which is driven by the

controlled input as follows:
xf,, = Az} + Buy, yi = Caf,

and a stochastic component with initial state x{ = z; which is driven by the stochastic inputs
as follows:

xi = Az} +w, y; =Cxi + vy

Due to linearity of the system dynamics, we have z; = 2 + 2 and y; = y{ + yi. Moreover,
the state and output (z7,y;) of the stochastic component are control free (i.e., they do not
depend on the control actions).

Block 3: Static Reduction

The term static reduction of an information structure is due to Witsenhausen”, but the
idea has been used earlier in the literature as well (e.g., [5, 28]). Static reduction means
cancelling out the impact of the past control actions on the information available to the agent.

For the output feedback model being considered here, static reduction implies the following.

Lemma 3.4 The information structure It = {y1.4,u1.t—1} s equivalent to the information

structure
Its = {yf:t }7

i.e., for a fized control strategy both information sets gemerate the same sigma algebra or,
equivalently, they are functions of each other. Furthermore, when the control strategy is affine,

the two information sets are linear functions of each other, i.e., L(I) = L(I}).

Proof A proof of the first part of the result is given in [28]. Since we are interested in
showing that both information sets are linear functions of each other, we present the complete
proof. A similar proof argument also appears in [5] for a decentralized control problem.

Both results are immediate implications of state splitting. In particular, to show that I is
a linear function of I; observe that state splitting implies that y{, is a linear function of uy..
Therefore, y§ = y; —yJ is a linear function of (y1.t,u1.4—1). To show the other direction, we use
induction to show that (y1.¢, u1.t—1) is a linear function of y§,. At ¢t =1, y: =y, so uy is a linear
function of yf. This forms the basis of induction. Now assume that the result is true for ¢t — 1,
ie, I;—1 = (y1.4—1, U1.4—2) is a linear function of y§, ;. By assumption, u; is a linear function
I;_1 and, by the induction hypothesis of y5., ;. Hence (y1.t—1,u1.t—1) is a linear function of
y5.,_1. Since z{ is a linear function of uy.;—1, it is a linear function of y§,,_;. Consequently, yJ
is a linear function of y§,,_,, which implies that y; = y{ + y; is a linear function of y§,,. This

proves the induction step. |
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Block 4: Orthogonal Projection

Define z; = L[z | It] and & = x; — Z;. A consequence of orthogonality of the estimation
error (2) is the following.

Lemma 3.5 For any fized control strategy g, we have
E[(ut + Kt.’l}t)TAt(Ut + Kta?t)} = E[(U/t + Kti;\t)TAt(ut + Kt/m\t)] + E[(tht)TAt(Kt%t)]
Proof Since x; = Z; + 24, we have that

]E[(Ut + thEt)TAt(ut + Kt:ct)] = E[(Ut + tht)TAt(ut + Kti‘\t)] + E[(tht)TAt(tht)]
+ 2]E[('LL7§ + tht)TAt (tht)]

Since both uy, Ty € L(I;), we have uy + K@y € L(1I;). Therefore, the third term is zero because
the error 7, is orthogonal to the linear subspace £(I;). I

A key result which ties state splitting, static reduction, and orthogonal projection together
is the following.

Lemma 3.6 For any fized control strategy g, we have
Ty =a) +7), where T} = L[z} | I}]. (13)

The estimate T3 is the standard linear estimation of an uncontrolled linear system and can be
computed recursively as follows

T; = Ari_y + Li(y; — CAT; ),

where Ly is given by Ly = F(X;,C,XY) and the covariance matrices {X;}¢>1 are precomputable
and are given by the forward Riccati equation

Z154»1 = R(Etu AT? CTa E;uv 22)7

with $1 = %2

An implication of (13) is that the estimation error can be simplified as
Ty =wy — Ty =) — L} | I}]

and is, therefore, control free.

Proof From state splitting, we have that z; = 2y + x§. Therefore,
Llzy | 1] = of + Llz; | 1], (14)

where we have used the fact that xf is a linear function of w;.;—1 (and hence I;). Now, static
reduction implies that £(I;) = L(I7). Therefore, L[z | I;] = L[z | I7]. Substituting this
in (14) establishes the first result. The second result follows from the definition of Z; and the
fact that both 7 and I} are control free. I
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We can combine the update of z{ and L[z{ | I]] to write the update of Z; as follows.

Lemma 3.7 We have that
i‘\t+1 = Ax; + Buy + Lt(yt — Ci‘\t),

where Ly is as given in the statement of Lemma 3.6.

Proof This is a simple consequence of the definitions and the update equations for z{ and

L[z | I}]. In particular,

Tepr =)y +L[agy | I4]
= Ax{ + Buy + ALz} | I}] + Li(y; — CL[2} | I7])
= Az + L2} | I[]) + Buy + Li(ye — y{ — CL[2} | I}])
= Az + Bus + Li(y: — CZ).

The proof is completed. |

3.3 Putting Everything Together
Substituting the result of Lemma 3.5 in Lemma 3.3 we have that the total cost J(g) of a

control strategy g can be written as

where

T—1
J(g)=E {Z(Ut + Kt,x\t)TAt(Ut + tht)]
and

T—1 T-1
J=E {Z f?KEAtKﬁt} + > Te(SP Pryy) + ] Sy
t=1 t=1

From Lemma 3.6, we get that the term J is control free and is, therefore, not affected by the

o~

choice of control strategy g. Thus, we can pick g to minimize the term J(g). By an argument

~

similar to one given after Lemma 3.3 for state feedback, we know that the term J(g) is a sum

~

of squares and choosing u; = —K;Z; sets J(g) to its minimum value of zero.

We summarize the main result

Proposition 3.8 The best linear controller for Problem 3.2 is given by
up = — K7y,

where the gain K, is chosen as K; = G(Pi11, A, B, Ry) and the matrices {P;}]_, are computed

backward in time using the following recursion:

PT:QT andfortE{T—l,~-- al}a Pt:R(Pt+17AaBaQt7Rt)'
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Furthermore, the best linear estimate T; is initialized as T1 = x1 and is recursively updated as
Ty = ATy 1 + Bug 1 + Li(y: — CAZ; 1),

where Ly is given by Ly = F(5;,C,X7) and the covariance matrices {;}¢>1 are precomputable

and are given by the forward Riccati equation
Et-ﬁ-l = R(Eta AT7 CT) 2?7 E:ﬁ))a

with 31 = X7.

So far, we have shown how the problem of optimal centralized control can be solved by a
combination of four elementary blocks. These four blocks, while useful in the decentralized
setting, are not sufficient. In the next sections, we present two additional building blocks that
are specific to the decentralized setting. We present the simplest models where these blocks are
used.

4 Additional Building Blocks for Multi-Agent Systems
4.1 Optimal Decentralized Control of Dynamically Decoupled Subsystems
4.1.1 System Model and Problem Formulation

Consider a decentralized control system consisting of n subsystems indexed by the set A/ :==
{1,--- ,n} that runs for a finite horizon T. Let z! € R% and ui € Re, i € N, denote the
state and control input of subsystem i at time t. We use z; = vec(xf, -+ ,2}) and u; =
vec(uy, - ,ul) to denote the global state and control inputs of the system. The subsystems
are dynamically decoupled but coupled via cost. In particular, the system starts at an initial

state x1 and each subsystem i, ¢ € N, evolves as follows
xiﬂ = Az! 4+ Bu! +w!, vyl = Cxl+l,
where (A%, B, C%);cn are system matrices of the appropriate dimension. We assume that the
primitive variables {z%,wi, - ,wh_,vi -+ v& | }ien are independent random variables that
are zero mean and have finite variance. We use ¥¢', i € N, to denote the variance of x§ and
Z;"l and Zfz, i € N, t > 1, to denote the variance of wi and v}, respectively.
Information structure: The system has a completely decentralized information structure.

The information available to agent 7 at time ¢ is given by

IZ = {yizt’ uzi:tfl}'

Admissible control strategies: As in the centralized setting, we assume that each agent

chooses its control input as a linear function of the information available to it. In particular,
u; = gz(Itl)a (15)

where ¢! is a linear function and is called the control law of agent i at time t; the collection
g = (g%, -+ ,g%_,) is called the (linear) control strategy of agent i, and g = (g*,---,g") is
called the (linear) control strategy of the system.
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System performance and control objective: The subsystems are coupled via the cost.

In particular, for time t € {1,--- ,T — 1}, the system incurs a per-step cost
_ T T
ct(we, u) =y Qe + uy Rywy (16)

and, at the the terminal time T', the system incurs a terminal cost

cr(er) = 2rQray. (17)
We assume that the matrices {Q1, -, @7} are symmetric and positive semi-definite and the
matrices {Ry, -+, Rpr—1} are symmetric and positive definite. We will sometimes consider @

and R; matrices in a block form as follows:
11 in 11 in
o ! R ... R!
Qt = . . and Rt =
nl nn nl nn
' e ’ R? - R

The performance of a strategy g is given by

T—-1

J(g) = E[Z i) + er(ar)|, (18)

t=1
where the expectation is with respect to the joint measure on all the system variables induced
by the choice of the strategy g.

We are interested in the following optimization problem:

Problem 4.1 For the system described above, given the horizon T, system dynamics
(A%, Bt C);en, the cost matrices (Qq.7, R1.7—1), and the noise statistics {Zﬁ}, E’l’fT_l}ieN,
choose a linear control strategy ¢g to minimize the total expected cost given by (18).

The solution to Problem 4.1 relies on establishing an independence property of the state,
which we present below in its simplest form. We will later present a generalization of this
property.

Block 5: Independence of the State, Output, and Control Processes

The main idea is the following.

Lemma 4.2 For any fized control strategqy g, we have
1 1 1 2 2 2
(I1:T7 Y11 ul:T) A (gjlzT’ Y11 ul:T) B (‘rrll:Ta y’f:Ta uTll:T)'

Proof The proof follows from induction. For ¢t = 1, the components of (x});cn and (y¢);enr
are independent by assumption. Since u! is a function of 3%, the components of (u});cn are
independent. This forms the basis of induction. We now assume that the result is true for T' = t.
Now consider T' = t+1. Since we assumed that the components of (x%);ca are independent, the
form of the dynamics and the assumptions on the noise imply that the components of (yi);cnr
are independent. Combined with the induction hypothesis, this implies that the components of
(I});en are independent. Therefore, the components of (ui);car, which are functions of I} are

also independent. This completes the induction step. |
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A key implication of Lemma 4.2 is the following.

Lemma 4.3 Forte {1,---,T — 1}, the expected per-step cost can be written as

Ele(ze, u)] = E {Z ci (@, Ui)} where cj(z},u;) = (1) Qi'xy + (u)) " Ri'uy, i€ N
ieN

and, for the terminal time T, the expected terminal cost can be written as

Eler(x7)) [Z cr(xh } where cin(zh) = (i) TQ¥ak., i€ N.
1EN

Proof Note that

E[xtTtht]:E[Z(x;‘)Tny;}+2E[Z > (@) txt]

1eEN €N jeN\{i}

and
E[u; Ryu) = E {Z(ui)TR;Zui} +2E [Z Z (ui)TRzJui} .
ieN ieN jeN\{i}
The result then follows from observing that in both these expressions, the cross terms are zero
because the state and the control inputs are zero mean and independent across subsystems (due
to Lemma 4.2). |

4.1.2 Solution of Problem 4.1
Lemma 4.3 implies that the total expected cost under strategy g can be written as
J(g)=>_Jg")
ieN
where

Jig) = [TZ et + o)

Thus, the decentralized control problem with decoupled dynamics and independent noise is
effectively equivalent to a decentralized control problem with decoupled dynamics and decoupled
cost. Therefore, J(g) can be minimized by separately choosing g* to minimize J%(g*) for each
i € M. Each of these optimization problems is a centralized optimal control problem and can
be solved in the same manner as Problem 3.2. Thus, the optimal control strategy is given as

follows.

Proposition 4.4 The best linear controller for Problem 4.1 is given by
Wi = —KiF, Qe

where the gain K} for i € N is chosen as K; = G(P/,,, A", B', R") and the matrices {P{}{,

are computed backward in time using the following recursion: For each i € N,
Pj=Q% and fort € {T —1,---,1}, P/ =R(P},,A", B, Q' R}").
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Furthermore, the best linear estimate Tt is initialized as T4 = 2% and is recursively updated as
B = ATy + Blupy + Ly, — CA'E),

where L is given by L = F(X¢, C*, Zf) and the covariance matrices {3t }:>1 are precomputable

and are given by the forward Riccati equation
iJrl = R(Zi’ (Ai)Ta (Ci)Ta Z?ivzgi%
with Y1 = 7"

4.2 Best Decentralized Linear Estimation to Minimize Team Mean Squared Error

Consider a system with n agents that are indexed by a set N'= {1,--- ;n}. The agents are
interested in estimating a state € R%. Each agent 4, i € N, observe a local measurement
y' € Rdi/; in addition, all agents observe a common measurement 3° € R%. We use Ny to
denote the set {0,1,--- ,n}.

The variables (z,3° 4%, ---,y") are random variables defined on a common probability
space, are zero mean, and have finite variance. For i,j € Ny, we use ©% to denote cov(z,y")
and X% to denote cov(y’,y7).

Agent i, i € N, generates an estimate z' € R%: according to a linear estimation rule
Zt = g'(y°,y"). The collection g = (g',---,g") is called the estimation strategy of the system.

Let z = vec(z!, -+ ,2") denote the estimates generated by all agents.
The performance of an estimation strategy g is given by an expected cost of estimation error
given by
J(9) = Ele(x,2)], where c(z,2) =Y > (L'z—3)SY(L/x - 27), (19)
1N iEN

where {L'};cn and {S¥}; jen are weight matrices of appropriate dimension. We assume that
the matrix S given by
Sll . Sln

Snl ... gnn

is positive definite.

The above model of decentralized estimation was considered in [29] under the assumption
that (z,y°,---,y") are jointly Gaussian. The model considered above is also effectively the
same as the static team problem considered in [2], again under the assumption that the random
variables are jointly Gaussian.

In the model above, we do not assume that the random variables are jointly Gaussian.
Instead of imposing assumptions on the joint distribution of the random variables, we assume
that the estimates are linear function of the measurements. Our main result is to show that
this distinction does not change the nature of the solution.

As in [29], we define three auxiliary variables:
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e The common (linear) estimate of state x given the common measurement y° of all agents.

We denote this estimate by z° and it is equal to L[z | y°].

o All agent’s common (linear) estimate of agent i’s measurement y* given the common

measurement y°. We denote this estimate by 3’ and it is equal to L[y* | y].

e The innovation in local measurement of agent i with respect to the common measurement.

We denote this innovation by 7* and it is equal to y* — 7.

We also define & to denote the covariance cov(z, ') and £9 to denote the covariance cov (g, 7).

Following a proof argument very similar to that given in [29], we can show the following.

Proposition 4.5 The best linear strategy that minimizes the team mean-squared error
defined in (19) is given by
2= L'z + Figt, VieN, (20)

where the gains {F'};en satisfy the following system of matriz equations:
Z {Siijflji — Siijél} =0, VieN,
JEN

which has a unique solution when St s positive definite.

The above result forms our final building block for decentralized control. We will refer to it
as decentralized estimation block.

5 Solution of Some Multi-Agent Decentralized Control Problems

In this section, we show how the building blocks described earlier can be combined to provide

simple solutions to some multi-agent decentralized control problems.

5.1 Best Linear Decentralized Control of Multi-Agent Systems with One-Step
Delayed Sharing

5.1.1 System Model and Problem Formulation

Consider a decentralized multi-agent system with n systems, indexed by the set N/ =
{1,---,n}, that runs for a finite horizon 7. Let z; € R* denote the state of the system,
Yl € R4 denote the observation of agent i, and ul € R% denote the control action of agent t.
We will use y; = vec(yt, - ,y?) and u; = vec(u}, - ,u}) to denote the set of all observations
and all control actions, respectively, of all agents.

The system starts at an initial state z; and the state evolves as
xt+1:Atxt+Btut+wt, y;:CZSIJt‘i"Uz, ZEN

We assume that the variables (z1, w1, -+ ,wr_1,{vi, -+, v | }ien) are independent random
variables that are zero mean and have finite variance. We use X7 to denote the variance of z;

and ¥ and Efi, t > 1, to denote the variance of w; and v{, i € N, respectively.
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As usual, we assume that for ¢t € {1,--- ;T — 1} the system incurs a per-step cost given by
Ct(ilft, Ut) = x;thxt + u;FRtut
and, at the the terminal time 7', the system incurs a terminal cost

cr(zy) = x%QTCCT.

We assume that the matrices {Q1,-- ,Qr} are symmetric and positive semi-definite and the
matrices {R1, -, Rp_1} are symmetric and positive definite.

Information structure: We assume that each agent observes its local observations and
control inputs as well as one-step delayed observations and controls of all other agents. Thus,

the information I} available to agent i at time ¢ is given by

IZ = {yl:t—laul:t—lzyi}-

This information structure is called one-step delayed sharing. It was proposed by Witsenha-

(0], Under the assumption that the primitive random variables are jointly Gaussian, the

20, 31, 32]

usen
optimal solution has been proposed by various authors including! In contrast, we do
not impose any assumption on the distribution of the primitive random variables; rather we
restrict attention to linear control strategies.

Admissible control strategies: Each agent chooses its control input as a linear function
of its information, i.e.,

uy = gi(I{), €N, (21)

where ¢! is a linear function and called the control law of agent i at time t. The collection
g = (g%, -+ ,g%~_,) is called the (linear) control strategy of agent i and g = (g*,---,g") is
called the (linear) control strategy of all agents.

System performance and control objective: The performance of any control strategy

g is given by
T—1

J(g) =E9 |:Z Ct($t7Ut> + CT(JTT) R (22)

t=1
where the expectation is with respect to the joint measure on all the system variables induced
by the choice of the strategy g.

We are interested in the following optimization problem:

Problem 5.1 For the system described above, given the horizon T, system dynam-
ics (A, B,C',---,C™), the cost matrices (Q1.7, R1.7—1), and the noise statistics £, and
{Z?fol}ie N, choose a linear control strategy g to minimize the total expected cost given
by (22).

5.1.2 Solution of Problem 5.1

We now show how to solve Problem 5.1 using the different building blocks that we have

presented earlier.
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o Completion of squares. By completion of squares, we can argue that minimizing J(g)
is equivalent to minimizing

T—-1
Jequiv(g> —F |:Z(Ut + Ktxt)TAt(ut + Ktl‘t) )

t=1
where K; and A; are as described in Lemma 3.3.

o State splitting. Following the idea of state splitting for centralized control, we split
the state and output processes into two parts: A controlled part (z7,yJ) driven by the
control input u; and a stochastic part (zf,y;) driven by the stochastic inputs (wy, ut). In
particular we have z{ = 0, 2§ = z; and

x{,, = Az} + Buy, vy} =Caf,

; ; s ;
i = Az +wy,  yi = Cwf + vy

We also split the control actions similar to what is done for decentralized estimation. For

that matter, we first define common information as
Iy = m I} = {y1:4—1, ur—1 }- (23)
1EN

The local information is the remaining information at each agent. Thus,
L' = I\ 1 = {yi}- (24)

Now, as we did for decentralized estimation, we split the control action into two compo-

nents: A common control u§ defined as L[u; | If] and local control uf = u; — u§.

e Static reduction. Following arguments similar to static reduction for the single agent

setting, we can show that the original information structure is equivalent to
I ={y" Y}
In particular, £(I}) = L(I'®), i € N.
A direct result of the above equation is that the common information in the original
information structure is equivalent to the common information in the static reduction,

which is given by
ItC7S = {yf:tfl}'

The implication of static reduction is that in both conditional expectations and linear

estimation we can replace conditioning on If by I,*.

o Orthogonal projection. Define z; = Lz | If] and Z; = z; — Z;. By construction, we
have that L[uf | If] = 0. Since x} is a linear function of uy.; 1, which is part of If, we
have

o~ — 9 s =S .__ s c,S
Ty =i +7;, wherez; =L[z; | I;""],
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and consequently,
Etzxt—@:xf—fv\f.
Recall that zj is a control free processes; therefore z; is control free. We can show that

s

. s s . )
the estimate xj equals Axt_l‘t_l, where TY_q_q can be recursively updated as follows:

$§|t = Axf—l\t—l + Le(y: — CAif—l\t—l)ﬂ

where L; = F(X¢,C, %) and the covariance matrices {¥;}_;' can be precomputed as

follows:

¥ =%% andfor t€{l,---, T -1} T = R(Z;, AT, CT, 2V, %),

Then, a consequence of orthogonality of the estimation error is the following: For any

fixed control strategy g, we have
Bl(uit+Kiwe) " A (gt Kywe)] = B[(ug+ K@) " A (uf+Ko) B[ (ug+ Ko Zr) T A (ug+ K ).

Consequently, the total cost J°4"Y(g) can be written as

JU(g) = () + 3 o),
t=1

where
T—1
Jo(g) = E [wa KA+ m)]
t=1
and
JHg) = E[(uf + K& T A (ul + Kidy)).

Putting everything together. Minimizing J°I%"(g) is equivalent to minimizing the sum of
J¢(g) and ZtT:_ll Jf(g). Observe that both these terms are sum of squares. The first term J¢(g)
takes its minimum value of 0 when u{ is chosen to be —K;Z;. The second term ZtT;ll J(9)
is a sum of decentralized estimation problems. For each ¢, minimizing J{(g) is a decentralized
estimation problem, where the state is T, = Z}, each agent has a common observation of y§.,_;
and agent ¢ has a local observation of yz **. Therefore, by Proposition 4.5, the optimal controller
is given by
upt = Figp®, where i° =yp® = Lly;® | yi,1),

where the gains F} are found by solving the following system of linear matrix equation:

> ((B)'Piya B + RO F/((C7)'5,C" 4+ B7) = (B) ' P AS(CHT, Vie N,
JEN

where Z{i’v =0 for i # j is the ji-element of X¢. To summarize, let K} denote the i-th row of

K. Then, the optimal control action at each agent is given by
ul = —Ki% + Fig0®, ieN.
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The form of the optimal controller derived above is identical to the form of the optimal
controller derived in [20, 31, 32] under the assumption that the process and observation noises

are Gaussian.

5.2 Optimal Decentralized Control of System with Major and Minor Agents and
State Sharing

5.2.1 System Model and Problem Formulation

Consider a decentralized control system with one major and n minor agents that evolve in
discrete time over a finite horizon T. We use index 0 to indicate the major agent and use index
i,i1 € N ={1,--- ,n}, to index the minor agents. We also define N :={0,1,--- ,n} as the set
of all agents. Let z} € R% and ul € R%: denote the state and control input of agent i € Nj.

All agents have linear dynamics. The dynamics of the major agent is not affected by the
minor agents. In particular, the initial state of the major agent is given by 29, and for t > 1,

the state of the major agent evolves according to
:1:?_5_1 = A%030 4 BY0y0 4 40, (25)

where {w};>1, w) € Rdg, is a noise process.
In contrast, the dynamics of the minor agents are affected by the state of the major agent.

For agent i € N, the initial state is given by x%, and for ¢ > 1, the state evolves according to
i pdigi 4 £i0,0 | piiyi | gi0, 0 i 2%
Ty = AT + Ty + up + Ug + Wy, (26)

where {w}};>1, wi € R% | is a noise process.

We assume that all primitive random variables-the initial states {z,z1,--- 27}, and the
process noises {wi, -+ ,w¥}iens,, are defined on a common probability space, are independent
and have zero mean and finite variance. We use ngj to denote the variance of the initial state
2} and use Z;"i and Efi to denote the variance of w! and v¢, respectively, i € N.

Let x; = vec(x), - ,27) denote the state of the system, u; = vec(u?, - ,ul) denote the
control actions of all controllers, and w; = vec(wy,--- ,w}) denote the system disturbance.

Then the dynamics (25) and (26) can be written in vector form as

Ti41 = Axt + But + Wt, (27)
where
A O 0 0 By 0 0 0
Ao A1 0 -0 By B 0 -~ 0
A = A20 0 A22 0 s B = B20 0 BQQ 0

Note that A and B are sparse block lower triangular matrices.
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Information structure: We assume that the major agent observes its own state, while
minor agent i, i € N, observes the state of both the major agent and its own state. Thus, the

information I available to the major agent is given by
0. 0o ,0
Iy = {1y, uiy 1}, (28)
while the information I} available to minor agent i, i € N, is given by

IZ = {x(l):bxi:t’u?:t—bui:t—l}' (29)

The information structure addressed in this section is studied in the literature and is com-
monly referred to as the two-agent problem. See [16] and [33, 34] and the references therein.
Admissible control strategies: At time ¢, controller i € Ny chooses control action u} as

a linear function of the information I} available to it, i.e.,
UiZQZ(ItZ)y iENOa

where ¢! is a linear function and is called the control law of controller i, i € Ny, at time t. The
collection g* == (gi,- -, g%) is called the control strategy of controller i and g = (¢°,--- ,g") is
called the control strategy of the system.
System performance and control objective: At time ¢t € {1,---,T — 1}, the system
incurs a per-step cost of
ct(ze,up) = x?tht + u;thut (30)

and at the time T, the system incurs a terminal cost of
CT(l‘T) = x%QTxT. (31)

It is assumed that @ and Q7 are symmetric and positive semi-definite and R is symmetric and
positive definite.
The performance of any strategy g is given by

T-1

J(g) = E[Z (o) + erlar)|, (32)
t=1

where the expectation is with respect to the joint measure on all the system variables induced
by the choice of the strategy g.

We are interested in the following optimization problem.

Problem 5.2 For the system described above, given the horizon 7', system dynamics
(A, B), the cost matrices (Q1.7, R1.7—1), and the noise statistics {Eﬁ”fT_l, E‘l’:T_l}ieN, choose
a control strategy ¢ to minimize the total expected cost given by (32).

5.2.2 Solution of Problem 5.2

We now show how to solve Problem 5.2 using the different building blocks that we have

presented earlier.
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¢« Common information based state splitting. We combine the idea of using common
information based decomposition of the state presented in decentralized estimation with

that of state splitting. We first define common information as
Itc = ﬂ IZ = {x(l):ﬂu(l):t—l} = Ito (33)
iEN()
The local information is the remaining information at each agent. Thus,
=1\ If =0, (34a)
i, . _ 7i\ TC i i ;
I =L\ = {zl,up, ), P€N. (34b)

Now, as we did for decentralized estimation, we split the control action into two compo-
nents: A common control u§ defined as L[u; | I¢] and local control u{ defined as u; — ug.

Finally, based on the above splitting of control actions, we split the state into three
components: Common component of the state z{ which is driven by common control ug,
local component of the state xf which is driven by the local control !, and the stochastic
component of the state x7 which is driven by the stochastic input w;. In particular, we

have 2§ = 0, 2 = 0, 2§ = 1, and
xf ., = Az§ + Bu§, i, = Axi+ Buj, ., = Az{+w;.

By construction, the stochastic component is control free (i.e., does not depend on the
control actions). By linearity of the dynamics, we have x; = x¢ + z§ + 5. Moreover, we
define z;”*, etc. such that

c _ 0,c n,c 0 0,¢ n,t s 0,s n,s
ap =vec(w, ", - @y "), wmy=vec(wy - @), ap =vee(wy ", w)
. O 0, 0 _ 0, 0,6
Note that by construction (z;°%, u;") = (29, u?); therefore, z;,"" = ;" = 0 and u;”" = 0.

e Static reduction. Following arguments similar to static reduction for the single agent

setting, we can show that the original information structure is equivalent to
;= {2}, = {ahy, 1)
In particular, £(I}) = L(I'®), i € Ny.

The implication of static reduction is that in both conditional expectations and linear

. . ey . 0
estimation we can replace conditioning on I by I,

e Conditional independence of state and control processes. We generalize the idea
of independence of state and control processes to establish conditional independence of
state and control processes given the common information If = I. In particular, for any

control strategy g, we have
(l&:t?u%:t) A (‘T%:tau%:t) AL (x?:tau?:t) | I?

Moreover, since £(I%) = £(I*) (thus, both I® and I** are linear functions of each other),

we can replace I? in the conditioning with I)®,
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« Orthogonal projection. Define 7; = L[z; | I?] and Z; = 2; — Z;. In order to simplify

Ty, we observe that by construction, we have that L[uf | I¢] = 0. Moreover, since I** is

equivalent to w,_,, for any i € " and 7 < t, we have
Llur | If] = Llus | If] = Llu7 [w}y ] = Lluz | wi, ] = Llug | 12°] = 0.

Consequently, since z{ is a linear function of u%,_,, we have

Llzf | I7] = Lzf | I;"*] = 0.
Therefore,
01 _ c 0 s 01 _ ..c s 01 _ ..c s 0,s
Lz, | I}] = L[zf + oy +2f | I}] = xf + Lz; | I}] = of + Ly | 1,”°].

We write this as

Ty = x$ + &5, where T5 = L[z} | I°].

Recall that xf is a control free processes. We can show that the estimate Zj can be
recursively updated as
T5,, = Az} + vec(wy,0,- -+ ,0).

Therefore, the update of Z; simplifies to

z; = AZ; + Bu§ + vec(w?,0,--- ,0) (35)
and, consequently,
0 0
_ _ | AYE + Bl w}
Ty =Ty — Ty = . + . . (36)
Anngh 4 B”u;”z wy'

Now, by an argument similar to Lemma 3.5, we have
Eloy Quoe + g Ryus] = B[27 QuZr + (uf) " Ryuf] + EIE7 Quy + (up)” Rew]. (37)
Furthermore, conditional independence of state and control processes implies that
(@) L@ ) L L @) | 1.
Therefore, similar to Lemma 4.3, we have that the second term of (37) can be written as
BT Q:E: + (o) Reud] = B| 3 [@7Q1F + (TR |
ieN

Consequently, the total cost J(g) can be written as

J(g) = J(g) + > T*(9),

iEN
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where
T—1
J(9) = ) BT QT + (uf)" Ryuy]
t=1
and
T-1 o 4 .
T () = E[@E) QI + (uy) T Ri'uy’.
t=1

o Completion of squares. Now, we separately perform completion of squares of J¢(g)

and J%(g) and show that minimizing J¢(g) is equivalent to minimizing

T—1
Fo(g) = E [ng R TA (i + K

t=1

where A, = R, + BTPf, B, K; = G(Pf,1, A, B, R;), and the matrices {Pf}]_, are com-

puted backwards in time using the following recursion:
Pi=Qrandforte{T—1,---,1}, Pf=R(P;, A B,QRy).

Moreover, minimizing J**(g) is equivalent to minimizing
T (g) =E [Z (up” + Ky 7)) A (w + KF) |

t=1

where Ay* = RIH(BY)T P B K = G(P,, A%, BY, Ri%), and the matrices { P}"'}1_,

are computed backwards in time using the following recursion: For each i € N,
Pp'=Qf and for t € {T —1,---,1}, P/ =R(P*, A" B, Q}', R}').

Putting everything together. Now, to find the optimal solution, observe that both J¢(g)
and J"‘(g) are sum of squares and they take their minimum value of 0 if we choose

; - i\ i 0~
uf = — K7y, uwyt = —K; T

Let K}, i € Ny, denote the i-th row of K;. Then, the best linear controllers can be written

as follows: The best linear control strategy of the major agent is given by
u) = —K°%,,
and at the minor agent i, ¢ € A/, the best linear control strategy is given by
ujp = —K{% — Ky (z} - 7).

The form of the optimal controller derived above is identical to form of the controller derived
in [16] under the assumption that the process and observation noise processes are Gaussian.
Generalization of [16] to output feedback are presented in [13, 14, 33, 35].
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5.3 Optimal Decentralized Control of System with Remote and Local Controllers
and Packet Drop State Sharing

5.3.1 System Model and Problem Formulation

Consider a discrete-time linear dynamical system consisting of 2 controllers: A remote
controller and a local controller co-located with the system. The information available to the
controllers will be described later. Let x; € R% denote the state of the system, u} € Rdg,
denote the control action of remote controller and u} € R%: denote the control action of local
controller.

The initial state x1 of the system is random and the dynamics of the system is given by

0
Usg

Tip1 = Az + {BO Bl} . + wy, (38)
Uy
where w; € R% is the process noise and A, B®, and B! are matrices of appropriate dimensions.
We assume that random variables {z1, wg, -+ ,wr—1} are independent and have zero mean and
finite variance. We use %7 to denote the variance of x; and ¥}, ¢ > 1, to denote the variance
of w;.

Let uy = vec(u?,uj) denote the control actions of the overall system. Then, the system

dynamics can be written as
Tir1 = Axy + Buy + wy, (39)
where B is given by B = [BY B!].

At time t, the local controller perfectly observes the state x; of the system and sends it
to the remote controller over an unreliable packet drop channel. Let Iy € {0,1} denote the
state of the channel, where I3 = 0 means that the channel is in the OFF state where the
transmitted packet gets dropped while I; = 1 means that the channel is in the ON state where
the transmitted packet gets delivered. Thus, I} is a Bernoulli random variable and we denote
the packet drop probability P(I; = 0) by p. We assume that the primitive random variables
{zo,wo, -+ ,wpr_1,l0, -, 11} are independent.

Let z; denote the output of the channel, i.e.,

T, lth:L

Zt:f(l’typt) =
¢, if I; =0,

(40)
where € denotes a dropped packet. It is assumed that there is a perfect channels from the
remote controller to the local controller. Using this channel, the remote controller can share z;
and wj_; with the local controller. Note that it is possible to recover I from z;. Hence, all
controllers also have access to I}.

Information structure: Let I° and I} denote the information available to the remote and

local controllers, respectively, at time ¢t. We have

Ito = {20:t, FO:t,Ug:t—1}7 (41a)

Itl = {$0:tau(1);t71720:taFO:t»'Ug;t71}- (41b)
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Admissible control strategies: In this section we do not explicitly restrict attention
to linear control strategies. We assume that the controllers choose their control action as a

measurable function of their observations, i.e.,

U? :g?(lto)’ u% :gtl(Itl)’ (42)

where ¢ and g} are called the control laws of the remote and local controllers, respectively. The
collections ¢° = (¢9,--- ,¢%_,) and ¢! = (g1, ,g%_,) are called the control strategies of the
remote and local controllers, respectively and g = (¢°, g%) is called the control strategy profile
of the system.

System performance and control objective: The system operates for a finite horizon T'.
For time ¢ € {1,--- ,T — 1}, the system incurs a per-step cost

ce(wr, up) = o Quay + uf Ryuy,
and for the terminal time T, the system incurs a terminal cost

er(rr) = 2pQrar,

where Oy, and R; are matrices of appropriate dimensions. It is assumed that @ and Qr are
symmetric and positive semi-definite and R is symmetric and positive definite. We also assume
that R; has a block-wise structure given by

RYO RO

Rt - 10 11
Rt Rt

The performance of a strategy profile g is given by

T—1
J(g) =B 3" cawnu) + er(er)), (43)
t=0
where the expectation is with respect to the measure induced on all the system variables by
the choice of strategy profile g.

Problem 5.3 For the system described above, given the horizon T, system dynamics
(A, B), the cost matrices (Q1.7, R1.:7—1), and the noise statistics £{'_; and the packet drop
probability p, choose a control strategy g to minimize the total expected cost given by (43).
The above model was considered in [36] where a dynamic programming solution was pre-
sented. The solution presented below is adapted from [37].
5.3.2 Solution of Problem 5.3

We now show how to solve Problem 5.3 using the different building blocks that we have
presented earlier.

o Common information based estimates. Following [38], we define the common infor-
mation I between agents as
If=1)n1}
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The information structure of the model (41) implies that If = I? = {204, T0.t, u.;_1 }-
Now we define the common information based “estimates” of the state and control actions
and the corresponding “estimation errors” as follows:
./T\t = ]E[l’t | Itc], %t =Tt — Ei’\t, (44)
’L/it = ]E[ut | Iﬂ, ﬂt = Ut — ﬂt. (45)
It can be shown that the state estimates and the estimation error satisfy the following

property.

Lemma 5.4 The state estimates and estimation errors evolve as follows:

~ 07 Zf Z—‘0 = 07
o —
Zo, Zf FO = 17
and fort >0,
- A@%—Boug—FBlﬂ%, ’L.th_;,_l :07
Tt+1 = .
Tt41, Zf FtJrl =1.
Therefore,
~ o, 'Lf FO = 07
To =
0, iflp=1,
and fort >0,
- Az, + BYup +wy, if Iiyq =0,
Ti41 =

O7 Zf Ft+1 == 1
A proof is presented in [37].

¢ Orthogonal projection for per-step cost. A direct result of the common information

based state estimates is the following.
Elz] Qizi] = E[@?Q@t + (5t)TQtEt}v (46)
E[uT Ru] = E[ﬂtTRtﬂt + (af)TRtaﬂ . (47)
¢ Completion of squares. Now, we utilize the result of the orthogonal projection for the
completion of squares. However, the exact details are slightly different: The completion

of squares must take the packet drop nature of the channel and Lemma 5.4 into account.

Using such a completion of squares, we obtain the following:

T-1
J(g) =E7 {EEP@O + (F0) " Pofio + Y _ (s + KBs) " Au(Us + KoZs)
s=0
T-1 . N . T-1
D (s + KoFo) T A (s + KL3) + (wS)THtHwS} , (48)
s=0 s=0
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where A, = R, + BTP, 1B, A, = R\ + (BY)TII,, B, the gains {K;} ! and {K,}1 '

are given by
Kt:g(Pt—O—laA,Bth); I?t:g(Ht—i-laA?BlaRi}l)a
where the matrices {P,}7_,, {II;}T_,, and {P;}T_, are given by as follows:

Pr=Qr and for t € {1,--- ,T — 1}, we have P, = R(P;y1, 4, B, Q¢+, Ry),
Pr = Qr and for t € {1,--- ,T — 1}, we have P, = R(IT;41, A, B*, Q;, R}Y),
I, = (1 - p)P, + pP;.

See [37] for details.

e Putting everything together. The optimal control strategy for Problem 5.3 is given
by

vec(ud, u}) = — K@y (49)
and

ﬂ% = —.[?tfi'/t, (50)

where the time evolution of Z; and T; are given above.

Let Ky and K/ denote the rows of K;. Then, we have
uf = =K%y, uj =—K}% — Ki(z — ), (51)

which is the same as the optimal controllers derived in [36, 37].

6 Conclusion

In this paper, we revisit decentralized control of multi-agent systems. Instead of identifying
the optimal decentralized controllers under the assumption that the process and observation
noises are Gaussian, we identify the best linear controller without any restriction on the noise
distribution. We present an elementary approach to identify the best linear controller: The
fundamental ideas of our approach are completion of squares, state splitting, static reduction of
information structure, and orthogonal projection. The approach presented here is not a panacea
for all the conceptual challenges in decentralized control. All the models considered in the paper
have a partially nested information structurel® | so we know that if the noise processes were
Gaussian, then there is no loss of optimality in restricting attention to linear control strategies.
Effectively, we derive the same control laws but by providing a descriptive justification (that
we are limited to use linear controllers) rather than by assuming a prescriptive justification
(that the underlying physics of the system being modelled is such that the noise processes
are Gaussian). Verifying whether the proposed approach works for more general information

structures remains an interesting future direction.
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