Optimal Decentralized Control of System
with Partially Exchangeable Agents

——————

Aditya Mahajan
McGill University

Joint work with Jalal Arabneydi

Allerton Conference on Communication, Control, and Computing
28 Sep, 2016




Optimal decentralized control: Applications

Internet of Things

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




Optimal decentralized control: Applications

— Smart Grids

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




Optimal decentralized control: Applications

Smart Grids

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




Optimal decentralized control: Applications

— T 1

Swarm Raobotics

Smart Grids

—
Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




Optimal decentralized control: Applications and Theory

— T 1

/4

Swarm Raobotics
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Salient features

B> Multiple decision makers

> Access to different information

P> Cooperate towards a common objective
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> Series of positive results in the last 10-15 years:
funnel causality, quadratic invariance, common information
approach, and others.

> Explicit solutions are rare and typically exist for
systems with two or three agents.
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Are there features that are present in the

applications but are missing from the theory?




System with exchangeable agents

Dynamics x 1 = fi(x¢, W, W) with per-step cost ¢ (x¢, ).
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System with exchangeable agents

Dynamics x 1 = fi(x¢, W, W) with per-step cost ¢ (x¢, ).

Pair of exchangeable agents Agents i and j are exchangeable if
B> X=X, Ut =W, Wt =W,
B fi(0ijX¢t, 015U, O3jWi) = 0y (ft(Xt>ut>Wt))

B ci (04X, OjUt) = Ce (X, U ).
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System with exchangeable agents

Pair of exchangeable agents

Set of exchangeable agents

Dynamics x 1 = fi(x¢, W, W) with per-step cost ¢ (x¢, ).

Agents i and j are exchangeable if
> Xt =0, U =W, W =W,
D f(0ijX¢, 015U, O3jWe) = 0y (ft(xt)ut>wt))

> Ct(GijxtaGijut) = Ct (X, Uy).

A set of agents is exchangeable if every pairin that set is exchangeable
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System with exchangeable agents

Dynamics x 1 = fi(x¢, W, W) with per-step cost ¢ (x¢, ).

Pair of exchangeable agents Agents i and j are exchangeable if
B Xt=2, Ut =W, W =W,
B (015X, 015U, O3jWi) = 0y (ft(xt)ut>wt))

> Ct(GijxtaGijut) = Ct (X, Uy).

Set of exchangeable agents A set of agents is exchangeable if every pairin that set is exchangeable

System with partially ... is a multi-agent system where the set of agents can be
exchangeable agents partitioned into disjoint sets of exchangeable agents.
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Notation

> N : number of heterogeneous agents
> K : number of subpopulations
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Notation

For agent i of sub-
population k

> xie R
> ul e R

> N : number of heterogeneous agents
> K : number of subpopulations

. state of agent i
. control action of agent 1
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Notation

> N : number of heterogeneous agents

> K : number of subpopulations

For agent i of sub- >
population k

. K
xt € R4~

> ul e R

. state of agent i
. control action of agent 1

For sub-population k Nk . set of agents in sub-popln k

Z xt : mean-Ffeld of states

ieNk

| Z u! : mean-feld of actions
1ENK

1
sk _
TN

1
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Notation

For the entire population

> N=N'U
> K =A{1,...

...UNK
, K}

> N : number of heterogeneous agents
> K : number of subpopulations

set of all agents
. set of all sub-populations

Xt = (x})ien : global state of the system

u; = (ul)ie : joint actions of all agents
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Linear quadratic system with partially exchangeable agents

Dynamics Xtr1 = AtXe + Biuy + Wy

.
Cost Z [xtT Qix¢ +uf Rtut}

t=1
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Linear quadratic system with partially exchangeable agents

Dynamics Xtr1 = AtXe + Biuy + Wy

.
Cost Z [xtT Qext +uf Rtut}

t=1
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Linear quadratic system with partially exchangeable agents

Dynamics Xtr1 = AtXe + Biuy + Wy

.
Cost Z [xtT Qext +uf Rtut}

t=1

Irrespective of the information structure
such a system is equivalent to a mean-feld coupled system
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Linear quadratic system with partially exchangeable agents

Dynamics Xtr1 = AtXe + Biuy + Wy

T

Cost Z [xtT Qext +uf Rtut}
t=1

Irrespective of the information structure
such a system is equivalent to a mean-feld coupled system

Agent dynamics in  x},; = Afx{ + Bfui + Dfxe + E¥ty +wi
sub-population k

.

1 T . T . _ _ _ _

Cost > {Z > W[(x;) QFxi+(ub) REut]+ x{Prxe + ! Piu
t=1 LkeX ieNk
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There is a long history of mean-field approximations

Mean-field approximation in statistical physics (Weiss 1907; Landau 1937)
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There is a long history of mean-field approximations

Mean-field approximation in statistical physics (Weiss 1907; Landau 1937)

It is a well-known phenomenon in many branches of the exact and physical
sciences that very great numbers are often easier to handle than those of
medium size. An almost exact theory of a gas, containing about 10%° freely
moving particles, is incomparably easier than that of the solar system, made
up of 9 major bodies... This is, of course, due to the excellent possibility of
applying the laws of statistics and probabilities in the frst case.
— von Neumann and Morgenstern,
Theory of Games and Economic Behavior (1944) §24.2
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There is a long history of mean-field approximations

Mean-field approximation in statistical physics (Weiss 1907; Landau 1937)
> ...

Mean-field approximations in Game Theory
> Jovanovic Rosenthal 1988 ]
> Bergin Bernhardt 1995 |
> Weintraub Benkard Van Roy 2008
> ...

Anonymous games

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




There is a long history of mean-field approximations

Mean-field approximation in statistical physics (Weiss 1907; Landau 1937)
> ...

Mean-field approximations in Game Theory
B> Jovanovic Rosenthal 1988 ]
B> Bergin Bernhardt 1995 —1
B> Weintraub Benkard Van Roy 2008
> ...

Anonymous games

Mean-field approximations in Systems and Control (Mean-field games)
B> Huang Caines Malhalmé 2003, . ..
> Larsy Lions 2006, . ..
> ...
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Our results are different

There is no approximation!

Results are applicable to systems with
arbitrary (not necessarily large)
number of agents




Main idea: What happens if mean-field is observed?

Mean-field sharing 1 = {X%:t, u%:t_1 yX1:t)
information structure
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Main idea: What happens if mean-field is observed?

Mean-field sharing b=kl X
information structure

Is it a restrictive assumption? > Not really. Mean-feld can be shared using small communication
overhead (using consensus algorithms)
> We later provide approx. results when mean-Ffeld is not shared.
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Main idea: What happens if mean-field is observed?

Mean-field sharing b=kl X
information structure

Is it a restrictive assumption? > Not really. Mean-feld can be shared using small communication
overhead (using consensus algorithms)
B> We later provide approx. results when mean-Ffeld is not shared.

Not one of the known tractable information structures
B> Not partially nested (or stochastically nested)
B> Not quadratic invariant
B> Not partial history sharing
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A surprisingly simple solution . ..
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A surprisingly simple solution . ..

Parallel axis Theorem Z xD)TQRxE =

INK|
1€Nk N |
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2_ (&

ieNk

TQt Xt (XE)TQE;‘E'

i 1 sk




A surprisingly simple solution . ..

Parallel axis Theorem Z xH)TQkxt = Nkl Z DTQEX +(xF)TQRxk,
1€Nk ie Nk

i 1 sk

| = _
Decoupled Per-step cost Z Z W[(X{)TQEXU +%{ (Q¢ + P¥)X¢

keX ie Nk + similar u-terms
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A surprisingly simple solution . ..

Parallel axis Theorem Z xH)TQkxt = |N‘<| Z DTQEX +(xF)TQRxk,
16Nk ie Nk

i 1 sk

] » » - _
— (%)) QEx + %] (Q¢ + PY)%:

keX ie Nk | | + similar u-terms

Decoupled Per-step cost Z Z

Noise coupled Dynamics X1, = AKX} + Bful + Wi, Xep1 = AfXe + Bt + Wy
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A surprisingly simple solution . ..

Parallel axis Theorem Z xH)TQkxt = Nkl Z DTQEX +(xF)TQRxk,
16Nk ie Nk

i 1 sk

1 . - _
Decoupled Per-step cost Z Z W[(i{)TQ'ﬁc{] +%{ (Q¢ + P¥)X¢

keX ie Nk + similar u-terms

Noise coupled Dynamics X1, = AKX} + Bful + Wi, Xep1 = AfXe + Bt + Wy

We still have a non-classical information structure
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Assume centralized information and use certainty equivalence

Local States Mean-field state

~

Dynamics X1+1 = Akxt + Bkt + Wi X1 = AXe + Beug +wy

. T . o T . _ T _ _ T _
Cost (1) Qi+ (i) Riul (%) (PF4 Qo)X + (1) (P* 4Ryt
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Assume centralized information and use certainty equivalence

Local States Mean-field state

~

Dynamics X1+1 = Akxt + Bkt + Wi X1 = AXe + Beug +wy

. T . o T . _ T _ _ T _
Cost (1) Qi+ (i) Riul (%) (PF4 Qo)X + (1) (P* 4Ryt

COI’]'[I'OI I_aW i1 . flt = i-t;(t
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Assume centralized information and use certainty equivalence

Local States Mean-field state

Dynamics iiﬂ = Akxt + Bkt + Wi Xt41 = AgXy + Biug +wy

. T . o T . _ T _ _ T _
Cost (1) Qi+ (i) Riul (%) (PF4 Qo)X + (1) (P* 4Ryt

. —1 9 - -1 . = — =
Gains coc (B L, AL Le=—(-"+) (B)TMg 1A

Riccati EQ uation ]\V/l]f:—r = DRE(A]f:T, B]1<:T> Q]f:—l—, R]f:T) ]\_/[1 7= DRE(A1 T B] A Q]_:T + P;(:T'
Ri.r+ Piy)
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Assume centralized information and use certainty equivalence

Local States Mean-field state

Dynamics iiﬂ = Akxt + Bkt + Wi Xt41 = AgXy + Biug +wy

. T . o T . _ T _ _ T _
Cost (1) Qi+ (i) Riul (%) (PF4 Qo)X + (1) (P* 4Ryt

. —1 9 - -1 . = — =
Gains coc (B L, AL Le=—(-"+) (B)TMg 1A

Riccati EQ uation ]\V/l]f:—r = DRE(A]f:T, B]1<:T> Q]f:—l—, R]f:T) ]\_/[1 T = DRE(A1 T B] A Q]_:T + P;(:T'
Ry1+Piy)

K equations, one for each sub-population 1 equation for all mean-Felds
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Optimal centralized solution can be implemented
with mean-field sharing information structure.




Solution generalizes to ...

Major-minor setup One major agent and a population of minor agents.

Tracking cost function Z Z Nl [(x}[ — x{)TQf(xi —Xi) + (u{)TRfu{}
keX ieNk T
+ (¢ — 1) P¥(X¢ — 1) +0{ PRy

Systems coupled through
weighted mean-field
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But what if the mean-field is not observed?




Partial mean-field sharing information structure
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Partial mean-field sharing information structure

Set §: MF observed Set §¢: MF not observed

Notation ~ We will compare performance with system where mean-
Feld is completely observed. To avoid confusion, use

State: si; Actions: vi.

and similar notation for mean-feld sk, etc.
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Partial mean-field sharing information structure

Set §: MF observed Set §¢: MF not observed

Estimated mean-field i = (Z]c, .. .,Z]f) = E[s¢ | {glf}keN],

k

<k
X ] s kesd
where z{ ; =

AkzK + (BELK + Dk +EFL )z, k¢ 8
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Certainty equivalence controller and its performance

Certainty equivalence . L zK) + LRz
controller
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Certainty equivalence controller and its performance

Certainty equivalence Ui = L]f(st — Z]f) + L‘fzt
controller

Key Lemma  Under the certainty equivalence control: §¢ = x!.
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Certainty equivalence controller and its performance

Certainty equivalence Ui = Llf(st — Z]f) + L‘fzt
controller

Key Lemma  Under the certainty equivalence control: st = x!. Thus,

=TA = —Tﬁ— _TTA < _—Tﬁ—
[S¢ Q¢St + Vi Reve — X Qexe — uy Ryuy]
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Certainty equivalence controller and its performance

Certainty equivalence Ui = Llf(s — Zt) + Lt Zt
controller

Key Lemma  Under the certainty equivalence control: st = x!. Thus,

|:Z QtSt + Vt Rtvt 721_ Qtit = 1_1:'[_ ﬁtﬁt]}

.
=1
[i[ Gt ] [?h»Where@é—i?—ifandék—?;—z‘;

=1 t
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Certainty equivalence controller and its performance

Certainty equivalence Ui = Llf(st — Z]f) + L‘fzt
controller

Key Lemma  Under the certainty equivalence control: st = x!. Thus,

=TA = —Tﬁ— _TTA < _—Tﬁ—
[S¢ Q¢St + Vi Reve — X Qexe — uy Ryuy]

'Q[Cth, where 7% = %k — 7% and £¥ = 5k — 2k
- t

Moreover, [Ct“] :At[Ct + howt]

t+1 Et_ hOV_Vt
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Certainty equivalence controller and its performance

Certainty equivalence  ub = L¥(st —zK) + ¥z,
controller

Key Lemma  Under the certainty equivalence control: st = x!. Thus,

E

J-y=E|

_TA - TS - _TA - N
[St Qtst + Vi Rtvt — Xt tht — Uy Rtut]i|
1

(-*
Il

E

[Ct &:Q[?h, where (¥ = Xk —z¥ and £F = sk —z¥

t

Quadratic Cost |= E [
-

H-
I

Moreover, [Ct“ ] = A, [Ct +

£+ &t ]

hOV_\)t]

h o Wy Linear Dynamics

12=
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Certainty equivalence controller and its performance

T—1
Exact Performance T—J* = Tr(X:M1) + Z Tr(W¢M¢,1) where M.t = DLE(A 1.1, Q1.7)

t=1
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Certainty equivalence controller and its performance

T—1
Exact Performance T—J* = Tr(X:M1) + Z Tr(W¢M¢,1) where M.t = DLE(A 1.1, Q1.7)

t=1

Performance bound Let n = mines{{N*[}. Suppose all noises are independent. Then,
there exists a matrix C such that X; < C/n and W, < C/n. Thus,

J—] EO(E)
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Certainty equivalence controller and its performance

T—1
Exact Performance T—J* = Tr(X:M1) + Z Tr(W¢M¢,1) where M.t = DLE(A 1.1, Q1.7)

t=1

Performance bound Let n = mines{{N*[}. Suppose all noises are independent. Then,
there exists a matrix C such that X; < C/n and W, < C/n. Thus,

J—] EO(E)

Infinite horizon Results extend to infinite horizon setup under standard assumptions.

For both discounted and average cost setup:

NS
J—1] EO(E)
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Certainty equivalence controller and its performance

T—1
Exact Performance T—J* = Tr(X:M1) + Z Tr(W¢M¢,1) where M.t = DLE(A 1.1, Q1.7)

t=1

Performance bound Let n = mines{{N*[}. Suppose all noises are independent. Then,
there exists a matrix C such that X; < C/n and W, < C/n. Thus,

A . T
J—] EO(E)

Infinite horizon Results extend to infinite horizon setup under standard assumptions.

For both discounted and average cost setup:

A 1 T\ .
J—1] EO(H)’ QF'O(W) in MFG
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An example: Demand response

with minimum discomfort to users




Demand response of space heaters

ﬁ 232323

Dynamics of space heater  xi,; = a(xi — Xnom) + b(uf + Unom) + Wi

- ¢
Objective [{ZZ [qt Xt —xb )7+ re(ul) } + el —xF)?

t=11i=1
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Everyone follows the mean-field

A) Tempratures at time:41
T
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Everyone follows the optimal strategy

A) Tempratures at time:41
T

B) Heaters

5
45 24

%
3s i

3
19

25
18

2
17
15 .
1 15

1 15 2 25 a as 4 45 5

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)




Summary

[System with exchangeable agents

Dynamics x 1 = Tt (x¢, Uy, Wi ) with per-step cost ¢ (x¢, uy).

Pair of exchangeable agents Agents 1 and j are exchangeable if
B Xt=2, Ut =W, W =W,
D fi(01jX¢, OijUt, O3j W) = Oij (ft(xt)ubwt))

> Ct(Gijxt)Gijut) = ce(xq, uy).

Set of exchangeable agents A set of agents is exchangeable ifevery pairin that set is exchangeabld

System with partially
exchangeable agents

. is a multi-agent system where the set of agents can be
partitioned into disjoint sets of exchangeable agents.

mcentralized control with exchangeable agents-(Arabneydi and Mahajan)
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Summary

M soon i e e &
TLinear quadratic system with partially exchangeable agents B

Dynamics Xer1 = AeXe + Bruy +wy

.
Cost Z [xtTtht + utTRtut}

t=1

Irrespective of the information structure
such a system is equivalent to a mean-feld coupled system

Agent dynamics in  xi.; = Afx{ +Bful + Dixy + Efue +wi
sub-population k

.

1 T . T . _ _ _ _

Cost > {Z > W[(x}[) Qixi+(ul) Rful]+ x{Prx: +uf P,
t=1 LkeXK ieNk

'I,‘

0
Lngcentralized control with exchangeable agents-(Arabneydi and Mahajan)
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Summary

M

Dynamics

Cost

Control Law

Gains

Riccati Equation

~

Local States
X1 = AFX{ 4 BEUL +wh

(%i)TQk;{i_’_(ﬁi)TRkﬁi
t t M t t Pt

- )T B TVE

t+1

At

MllczT = DRE(A]?T’ B]1<:T> QllczT’ le:T)

( K equations, one for each sub-population

Assume centralized information and use certainty equivalence

Mean-field state
X1 = AXe + Beug +wy

_ T _ _ T _
(x¢) (P + Qe)xe + (W) (PY+Ry)ug
ﬁt = I__tit

- —1.= - —
L= —( e ) (Bt)TMt+1At

M] T = DRE(A1 Ty B] :Ty Q1_1T + PT:T’
Ry1+ Piq)

1 equation for all mean-felds

mcentralized control with exchangeable agents-(Arabneydi and Mahajan)
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Summary

ure

L ﬂ
Set 8: MF observed MF not observed

Estimated mean-field ~ z¢ = (z),...,2K) = E[S¢ | {85}en],

sk keS8

t+1

Akzk L (BFLE + DK+ Bz, k¢S

Ko
where z{ ; = {

A

‘ Decentralized control with exchangeable agents-(Arabneydi and Mahajan)
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Summary

Exact Performance

Performance bound

Infinite horizon

A

mcentralized control with exchangeable agents-(Arabneydi and Mahajan)

iCertainty equivalence controller and its performance

T 1
J—J* = Tr(XiMq)+ Z Tr(WiMiy1) where M.t = DLE(Aq.T, Q1 1)
t

=1

Let n = minkgs{lN“l}. Suppose all noises are independent. Then,
there exists a matrix C such that X; < C/n and W, < C/n. Thus,

J—1] EO(ﬁ)

Results extend to infinite horizon setup under standard assumptions.

For both discounted and average cost setup:

T—]*eo(l>, c.f o(%) in MFG
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Summary

M

iSolution generalizes to ...

Major-minor setup

Tracking cost function

Systems coupled through
weighted mean-field

One major agent and a population of minor agents.

DI k|[ — %) QU — &)+ () TR
keX ieNk .
+ (X —1¢) PY(Xe — 1) + 0 Piig

Nkl 2 M

ieNk

Ecentralized control with exchangeable agents-(Arabneydi and Mahajan)
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Conclusion

Salient Features > The solution complexity depends only on the number of sub-populations;
not on the number of agents.
> Agents don't need to be aware of the number of agents.

I> Same performance as centralized information.

Thus, centralized performance can be achieved by simply
sharing the mean-feld (empirical mean) of the states!

Generalizations &> Noisy observation of mean-Ffield
> Delay in the observation of mean-feld
B> Controlled Markov processes

arXiv:1609.00056
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Optimal decentralized control: Applications and Theory

A
Optim i i ise: A simple
b ti:nal memoryless control in Gaussian noise: A simp
P
counterexample *
% Gabril M, ipsa &+ 54, Nuno © Marting &
g~ 3 RUDGE, University of Cambridge

& Series of positive results in the last 10-15 years:
funnel causality, quadratic invariance, common information
approach, and others.

> Explicit solutions are rare and typically exist for

o | Smar systems with two or three agents.
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D

System with exchangeable agents

Dynamics X1 = f(x¢, 1, W) with per-step cost c,(x, ).

Pair of exchangeable agents Agents i and j are exchangeable if

B X =00, U =W, W =W,
B £ (03X, 01yl 05Wi) = 03 (Fe (X, U, W)

B e (0%, 03U ) = ce (X, W)

Set of exchangeable agents Aset of agents is exchangeable if every pairin that set is exchangeabld

System with partially
exchangeable agents

. is a multi-agent system where the set of agents can be

partitioned into disjoint sets of exchangeable agents. ™
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A surprisingly simple solution ...

k
t

Parallel axis Theorem \7\}7"\ ‘Z‘k(x}]TQ‘(‘x} = p\}—kl Vzk(i{)TQ‘{i{Hi
iEN iEN

)TQERE,

K= xi %k
where X} = x{ — X}

Decoupled Per-step cost 1) T Q¥R + % (Q + P¥)%e

pEpE

keX ieNk

Noise coupled Dynamics %}, = Akxi + Bkiil 4+ i,

We still have a non-classical information structure

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)

-+ similar u-terms

X1 = AR, + B + Wy

s

Linear quadratic system with partially exchangeable agents

Dynamics Xep1 = AgXe + Brug + wy
T ° .
Cost Z [x'[ Quxe +uf Reuy
t=1 . Y
Irrespective of the information structure
such a system is equivalent to a mean-Ffeld coupled system
Agent dynamics in  xi, ;= Alxi +Bful + Dfx¢ + EFie +wi
sub-population k
3 1 Tox ) TR STP*%: + A
Cost 3 e [Och) Qbxi(ud) Rbwd] + &TPY%: + AT PYe
t=1 Lkexciens

%

‘ Decentralized control with exchangeable agents-(Arabneydi and Mahajan)

Assume centralized information and use certainty equivalence

Local States Mean-field state

Dynamics X,y = Alxd + Bl +w} X1 = Ak + Belle + Wy
Cost  (x) Qit + (i) Rk (%) (P + QU% + (@) (PY + RO
Control Law b= kxd iy = Liky
Gains  [k=—(---)7"(BE)TMK, AX Lo=—() " (BO™MupA,
Riccati Equation MY = DRE(Af.p, B, Qi REy)  Mair = DRE(Arr, Brur, Qur 4P
RiT+Piy)

( K equations, one for each sub-populationq ‘ 1 equation for all mean-Ffields J

Decentralized control with exchangeable agents-(Arabneydi and Mahajan)

MSolution generalizes to ...

Major-minor setup One major agent and a population of minor agents.

Tracking cost function Z Z W[(x‘t — %) TQY(xd — %) + (uh) TR¥u
keX ieNk T
+ (e — 1) PE(Xe — 1) + W PR

1 s 1 .
Systems coupled through ¥ = gl > A, ak= B > Ab
weighted mean-field 1ENk iENk

1,
108
w

fDecentralized control with exchangeable agents—(Arabneydi and Mahajan)

[Partial mean-field sharing information structure

Estimated mean-field

k =
where zf, ; =

@nainty equivalence controller and its performance ﬁE/eryone follows the optimal strategy 1
a~ o = P - - .
Exact Performance  J—J* = Tr(X;My)+ Y_ Tr(W,M,,1) where M1 = DLE(A 1.7, Q1.1)
=
[ I ]
Set 8: MF observed Set 8¢: MF not observed Performance bound Let n = minkgs{/N*[}. Suppose all noises are independent. Then,
- . B i there exists a matrix C such that X; < C/n and W, < C/n. Thus,
z¢ = (z{y-.-,2¢) = El8¢ | {5 en], N T
J=Jreo (*) >
) n
Sty kes
Kok (BRI 4+ Dk 1+ EX q
Afzé + (BeLe + Df + EcLzy, k¢S Infinite horizon Results extend to infinite horizon setup under standard assumptions.
For both discounted and average cost setup:
A 1 1
—J L FO(—) inMF
", J ]Eo(ﬂ)' ¢ O(\/ﬁ) n MFG o st
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