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Abstract—We consider team optimal control of decentralized
systems with linear dynamics, quadratic costs, and arbitrary
disturbance that consist of multiple sub-populations with ex-
changeable agents (i.e., exchanging two agents within the same
sub-population does not affect the dynamics or the cost). Such
a system is equivalent to one where the dynamics and costs
are coupled across agents through the mean-field (or empirical
mean) of the states and actions (even when the primitive random
variables are non-exchangeable). Two information structures are
investigated. In the first, all agents observe their local state and
the mean-field of all sub-populations; in the second, all agents
observe their local state but the mean-field of only a subset of the
sub-populations. Both information structures are non-classical
and not partially nested. Nonetheless, it is shown that linear
control strategies are optimal for the first and approximately
optimal for the second; the approximation error is inversely
proportional to the size of the sub-populations whose mean-fields
are not observed. The corresponding gains are determined by the
solution of K +1 decoupled standard Riccati equations, where K
is the number of sub-populations. The dimensions of the Riccati
equations do not depend on the size of the sub-populations; thus
the solution complexity is independent of the number of agents.
Generalizations to major-minor agents, tracking cost, weighted
mean-field, and infinite horizon are provided. The results are
illustrated using an example of demand response in smart grids.

Index Terms—Stochastic dynamic teams, multi-agent systems,
decentralized control, non-classical information structures, linear
quadratic systems, team theory, large-scale systems.

I. INTRODUCTION
A. Motivation

Team optimal control of decentralized systems has been an
important research topic since the mid 1960s. Many of the
initial research results were negative and showed that even
simple dynamical systems with two agents can be difficult
to design—even in the celebrated linear quadratic Gaussian
(LQG) framework. In particular, non-linear strategies can
outperform the best linear strategy [2]; even if attention is
restricted to linear strategies, the best linear strategy may
not have a finite dimensional representation [3]. Since then,
various solution methodologies for the optimal control of
decentralized systems have been proposed and there has been
considerable progress in understanding the nature of system
dynamics and the information structure under which these
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methodologies work. See [4] and references therein for an
overview.

In spite of this progress, there is a big gap between the
theory and applications of optimal decentralized control. On
the one hand, the envisioned applications—which include
networked control systems, swarm robotics, and modern power
systems—often consist of multiple interconnected dynamical
systems and controllers. On the other hand, explicit optimal
solutions are available only for systems with a few (often two
or three) controllers [5]-[7]. The model and results presented
in this paper attempt to reduce the gap between theory and
applications.

In particular, we study decentralized control systems in
which the dynamics and cost satisfy a property that we call
exchangeability. In a dynamical system, we say agents 7 and
7 are exchangeable if exchanging (or interchanging) agents ¢
and j does not affect the dynamics or the cost (the formal
definition is given below). Or, equivalently, the dynamics and
the cost do not depend on the index assigned to the two agents.

In many applications of decentralized systems, the system
may be partitioned into sub-populations where all agents
within a sub-population are exchangeable.! We call such
systems as systems with partially exchangeable agents. In
this paper, we develop a framework for the design of optimal
decentralized control for such systems.

B. System with partially exchangeable agents

To formally define exchangeability, consider a multi-agent
dynamical system where N denotes the set of agents. The
state and action of agent i,4 € A, at time ¢ are denoted by !
and u!, where 2! € X% and u! € U'. Let x; = (x});en and
u; = (ul);en denote the state and action of the entire system.
The dynamics are given by

Xer1 = fe(Xe, ug, W), (D

where f; is system dynamics and {w;};>1, where w; =
(w})ien and wi € W', is the disturbance noise process. A
per-step cost ¢;(xy, u;) is incurred at each time ¢.

For now, we do not specify the information structure as we
want to identify the system properties that do not depend on
the information structure.

'For example, consider an aggregator that provides demand response as
a service by controlling the air conditioners in multiple neighborhoods in a
city. The air-conditioners could be partitioned into sub-populations based on
their tonnage and type (window, split, or packages AC). To the first-level
of approximation, all air conditioners with the same tonnage and type have
same dynamics and cost—and, therefore, are exchangeable. Similar situations
arise in swarm robotics (where the subpopulations correspond to robots with
different capabilities), and other engineering applications.



For any state x and agents i,j € N, let 0; jx denote the
state when agents ¢ and j are exchanged. For example, if x =
(!, 2%, 23, 2% 25), then 09 4x = (2!, 2%, 23, 2%, 2°). Similar

interpretation holds for o; ;u and o; jw.

Definition 1 (Exchangeable agents) A pair (i,j) of agents
is exchangeable if the following conditions hold:

) X' = X9, Y* = UI, and W' = W7, ie, the states,
actions, and disturbances of agents ¢ and j have the same
dimensions.

2) For any ¢, and any x;, u;, and wy,

ft(Ui,thUi,jutan,th) = Ui,j(ft(xhutywt))z

i.e., exchanging agents ¢ and j does not affect the system
dynamics.
3) For any ¢, and any x; and u,

(0 jXe, 05 jug) = c(Xe, W),
i.e., exchanging agents 7 and j does not affect the cost.

Definition 2 (Exchangeable set of agents) A set S of
agents, S C N, is exchangeable if every pair of agents in S
is exchangeable.

Definition 3 (System with partially exchangeable agents)
The multi-agent system described above is called a
system with partially exchangeable agents if the set N
of agents can be partitioned into K disjoint subsets N,
k€ K= {1,...,K}, such that for each k € K, the set N'*
of agents is exchangeable.

In this paper, we investigate optimal decentralized control
of linear quadratic system (i.e., a system where dynamics are
linear and the per-step cost is quadratic) with partially ex-
changeable agents. In a subsequent paper, we will investigate
systems with controlled Markovian dynamics.

C. Notation

For a set N, [N/ denotes its size. For a matrix A, AT
denotes its transpose, Tr(A) denotes its trace; if A is square,
A > 0 (respectively A > 0) denotes that A is positive semi-
definite (respectively positive definite). For matrices A and B
of appropriate size, A < B means B — A > 0, diag(A, B)
denotes a block diagonal matrix with diagonal terms A and B,
VA denotes a matrix C' such that? CTC = A, Ao B denotes
Hadamard product, and A ® B denotes Kronecker product.
For matrices A, B, and C with the same number of columns,
rows(A, B, C') denotes the matrix [AT, BT, CT]T. For vectors
x,y, and z, vec(z,y, z) denotes the vector [zT,yT,2T|T.

Superscripts index agents (indexed by ¢) or sub-populations
(indexed by k). Given a set N of agents and states z°,i €
N, bold x denotes vec(xl,...,arw‘); when all states are
of the same dimension, ((x%);cn) denotes the mean-field
il SV of (a)icnr. For vectors and matrices, we use
the short hand notation x1., or A;.; to denote (x1,...,x¢)
and (Ay,...,A;), respectively.

2Note that sometimes /A is defined as a matrix C' such that CC = A.
We are not using that definition here.

R, R>0, and R denote the sets of real, non-negative real,
and positive real numbers, respectively. 1,,x., denotes n X m
matrix of ones, I, denotes n x n identity matrix. We omit the
subscripts when the dimensions are clear from the context.
For a random variable x, E[z] and var(z) denote its mean
and variance, respectively.

Given horizon T and matrices A1.r and Q1.7, the notation
Mi.7 = DLEr (A7, Q1.7) means that M;.7 is the solution
of the finite horizon discrete Lyapunov equation, i.e., My =
Qr,and fort € {T —1,...,1}, My = A," M, 1 Ay + Q.

Similarly, given a horizon T and matrices Aj.7,
Bi.r, QI:T7 and Ry, the notation Mi.p =
DREr(A1.7, Bi.r,Q1.1, R1.r) means that My.p s
the solution of the finite horizon discrete Riccati
equation, i.e., My = Qr, and for ¢t € iT —1,...,1}
M, = —ATM; 1By (BfM;11B;+ Ry) B M 14 +
AT M1 Ay 4 Q.

Given a discount factor 5 € (0,1] and matrices A, B, Q,
and R, the notation M = DALEg(A, Q) means that M is the
solution of the discrete algebraic Lyapunov equation

M =BATMA+ Q.

and the notation M = DAREg(A, B, Q, R) means that M is
the solution of the discrete algebraic Riccati equation

M = —BATMB (B"MB+ 37'R)” BTMA+BATMA+Q.

II. PROBLEM FORMULATION AND LITERATURE OVERVIEW

A. Linear quadratic system with partially exchangeable
agents

1) System Model: Suppose the dynamics (1) are linear, i.e.,
Xt+1 = Aixe + Brugy + wy, (2)

where A; and B; are matrices of appropriate dimensions
and {xi,{w;}7_,} are random variables defined on a com-
mon probability space. The cost is quadratic, i.e., for ¢t €
{1,..., T —1},

c(xe,wy) = X' Quxt + uy ' Reuy, 3)

and t =T,
er(xr) = x7" QrXr, )

where (); and R, are matrices of appropriate dimensions.
Furthermore, assume that the above system is partially ex-
changeable, i.e., agents A can be partitioned into K disjoint
sub-populations A/ k ke = {1,..., K}, such that for each
k € K, the agents N'* are exchangeable. Moreover, for any
sub-population k € K and agent i € N'*, state ¢ takes values
ok . i - odk
in R% and action u} takes values in R%.

The mean-field of states® Z} of sub-population k, k € K,
is defined as the empirical mean of the states of all agents in
that sub-population, i.e.,

. 1
zy = () ien) = VA

> ap, kek.

iENFE

3In the sequel, we refer to mean-field of the states simply as mean field.



Similarly, the mean-field of the actions %" of sub-population
k, k € K, is defined as the empirical mean of the actions of
all agents in that sub—population, ie.,

E ut7

zGN k
The mean-field of states and actions of the entire population
are denoted by X; and u; respectively, i.e.,

ﬂf = <(u35)z€N’“

1

x: = vec(Ty, . .. <)

7i‘1{<)a at :VGC('EL%,.. ) Ug

For ease of reference, the notation is summarized in Table 1.

TABLE I
SUMMARY OF THE NOTATION USED IN THIS PAPER.

Notation used for agent i € N'* belonging to sub-population k& € K

. k
zi € Rz
: k
ul € Ru

State of agent ¢
Action of agent ¢

Notation used for sup-population k € K = {1,..., K}

NF Entire sub-population k
a:f = <(x;)leNk> Mean-field of states at time ¢
f = ((ui)zer Mean-field of actions at time ¢
Notation used for entire population
N =Upex N Entire population

Joint state of entire population at time ¢

ur = (uy)ien Joint action of entire population at time ¢

% = vec(Z1,...,Z/) Mean-field of states of entire population at ¢
oy = vec(ay, . .. ,ﬁf() Mean-field of actions of entire population at ¢

Proposition 1 In the linear quadratic system with partially
exchangeable agents described above, there exist matri-
ces {AF, BF DF EF QF RF}icx and PP and P} such that
the dynamics of agent i € N'* of sub-population k,k € K,
may be written as

ty 1 = Afey + Bfuj + D%, + Efug +wp; - (5)

the per-step cost at time t € {1,...,T — 1}, may be written as

S 7)) — ST prg =T pu =
c(Xe, U, Xy, Uy) = XtP X +uy Py

i T i
> bai+ (ul) Rbui| 5 (6)

keK ie Nk

T

o [
and the per-step cost at time t =T, may be written as

T(XT7XT) = XTPTXT —|— Z Z

ke ZENk

) Q. (7)

The proof is presented in Appendix A.

Remark 1 In general, the matrices (AY, BF, DF EF Q¥ RF)
and (PF,P#) may depend on the number {|N*|}icxc of
agents in the sub-populations, but their dimensions do not.

Thus, any linear quadratic system with partial exchangeable
agents—irrespective of the information structure—is equiva-
lent to a mean-field coupled system with the same information
structure. In the rest of this paper, we investigate the optimal
control of such systems under the following two information
structures.

2) Observation model and information structure: We con-
sider two information structures; in both, agents perfectly
recall all data that they observe. In the first information
structure, which we call mean field sharing and denote by
MFS-IS, every agent i € N perfectly observes its local state
2! and the global mean-field X;. Thus, the data I} available
to agent 7 at time ¢ is given by

ItZ = (xzi:hu?i:tfl?)_(lit)' (MFS-IS)

In the second information structure, which we call partial
mean field sharing and denote by PMFS-IS, there exists a
subset S of the sub-populations K such that every agent i € A/
perfectly observes its local state ¢ and the mean-fields of sub-
populations S, i.e., {ZF}res. We use S¢ to denote K\S. The
data I} available to agent i at time ¢ is given by

IZ = (‘,Ezi:“ uilztflﬂ (‘f’f:t)kes)' (PMFS'IS)

Under both information structures, agent i chooses u% as
follows: 4 o

up = g;(I). (8)
The function g! is called the control law of agent i at time t.
The collection g = (g}, 95%,...,4%) is called the control
strategy of agent i. The collection g = (g%);cr is called the
control strategy of the system. The performance of strategy g
is given by

T-1
J(g) :Eg[zCt(xhutaxtvut)+CT(XT7XT) O
t=1

where the expectation is with respect to the measure induced
on all the system variables by the choice of strategy g.

3) The optimization problem: We are interested in the
following optimization problem.

Problem 1 In the model described above, find a strategy g*
that minimizes (9), i.e.,

J* = J(g") =inf J(g),
g

where the infimum is taken over all strategies of form (8).

B. Conceptual difficulties

There are several conceptual difficulties in solving Prob-
lem 1 because it has a non-classical information structure.
Information structure refers to the set of information known
to all agents at all times. If every decision maker knows the
observations and actions of all decision makers that acted be-
fore it, then the information structure is said to be classical; if
every decision maker knows the observations and actions of all
decision makers whose actions effect its observations, then the
information structure is said to be partially nested; otherwise,
the information structure is said to be non-classical [8], [9].
For linear quadratic systems with classical or partially nested
information structures, when the primitive random variables
are jointly Gaussian, the optimal control action is a linear (or
affine) function of the observations*. This is not necessarily

#In classical information structure with state feedback, the optimal control
action is linear function of the state and this result holds even when the
primitive random variables are not Gaussian.



the case when the information structure is non-classical as
is illustrated by the Witsenhausen counterexample [2], which
presents a linear quadratic Gaussian model with non-classical
information structure where non-linear strategies outperform
the best linear strategy. The model presented in this paper is
neither classical nor partially nested nor the primitive random
variables are necessarily Gaussian, so it is not known a priori
whether there is no loss of optimality in restricting attention
to linear strategies.

Even when linear strategies are not optimal, sometimes
attention is restricted to linear strategies because they are
simple and easy to implement. For systems with non-classical
information structure, the problem of finding the best linear
strategy need not be convex; it is convex only for special
sparsity pattern such as funnel causality [10] and quadratic
invariance [11]. Furthermore, as is illustrated by the Whittle
and Rudge counterexample [3], even when the problem of
finding the best linear strategy is convex, the best linear
strategy might not have a finite dimensional representation.

Finally, the usual curse of dimensionality is exasperated
in systems with non-classical information structure. Even in
systems with finite state and action spaces, the complexity
of finding the optimal control strategy belongs to NEXP
complexity class [12].

C. Contributions of the paper

1) We show that linear control laws are team optimal
for MFS-IS (even when the noise processes are not
Gaussian). As argued earlier, MFS-IS does not fall
into the class of information structures for which linear
strategies are known to be optimal. We show that the
corresponding gains are computed by solving K + 1
decoupled Riccati equations (where K is the number of
sub-populations) (Theorem 1).

2) We propose a certainty equivalence linear strategy for
PMEFS-IS and show that the error satisfies a Lyapunov
equation. The approximation error converges to zero at
a rate that is inversely proportional to the number of
agents in the sub-populations whose mean-fields are not
observed (Theorem 2).

3) The salient feature of our main results is that the solution
complexity does not depend on the number of agents
in each sub-population; rather, it only depends on the
number of sub-populations. Furthermore, the optimal
gains can be computed in a decentralized manner such
that each agent simply needs to solve at most two (rather
than all) Riccati equations.

4) We show that our results generalize to variations of the
basic model that are not partially exchangeable includ-
ing: systems where the objective is to optimally track
reference trajectories (Sec. IV-C) and systems where
agents have individual weights (Sec. IV-D).

5) When the dynamics and the per-step cost are time-
homogeneous, we show that our results extend to infinite
horizon setups: both for the discounted cost setup with
any discount factor in (0,1) and for average-cost per
unit time setup. For both setups, the optimal control
strategy for MFS-IS and the approximately optimal

control strategy for PMFS-IS are time-homogeneous and
the corresponding gains are computed by solving K +1
decoupled algebraic Riccati equations.

D. Literature overview

Our model and results for MFS-IS are similar in spirit to
those obtained in [13] under stronger modeling assumptions.
In [13], the authors consider a homogeneous population of
dynamically decoupled agents which are coupled in the cost
through a weighted mean-field term. Two models are investi-
gated: (a) hard-constraint model where the weighted mean-
field of actions must equal a pre-specified linear function
of the weighted mean-field of states; and (b) soft-constraint
model where the above hard constraint is relaxed by penalizing
it in the cost. For both models, the authors show that the
optimal centralized control laws are linear in the local state
and the mean field; the corresponding gains are computed
by two decoupled Riccati equations. In section IV-D, we
generalize our results to the case when a weighted empirical
mean field is shared. In contrast to [13], we consider multiple
sub-populations and allow agents to be coupled in dynamics.
Note that approximation results similar to those for partial
mean-field sharing were not considered in [13].

Our results have similar features to those obtained for
centralized linear quadratic mean-field control [14], [15]. In
these models, the dynamics and the cost depend on the
statistical mean-field of the state and action. Such a model
may be viewed as a special case of our model when we restrict
to a single homogeneous sub-population and consider the limit
of infinite number of agents (and therefore the empirical mean
and the statistical mean are the same). Our proof technique,
which relies on a simple change of variables, is conceptually
simpler than that of [14], [15].° It is worth highlighting that
the linear quadratic mean-field control model is a centralized
control problem and the results of [14], [15] do not apply to
the multi-agent models that we consider.

Recently, an iterative bidding strategy was proposed in [17]
for the optimal control multi-agent systems with decoupled dy-
namics that are coupled through a constraint. For LQG agents,
the scheme operates as follows: at each time, a coordinator sets
a price profile for all future times; agents submit a bid profile
for all future times; the coordinator updates the prices and
the process continues until the bids have converged. Agents
choose the first value of their bid as their action and the above
process is repeated at the next time step. In this scheme, agents
do not need to know the system dynamics of other agents. In
contrast, we assume that the system dynamics are common
knowledge to all agents. However, in our model, agents only
need to share the mean-field of their states (which can be
computed using a consensus algorithm) rather than iteratively
sharing the bid profile for all future times.

A decomposition-coordination approach for optimal decen-
tralized control of deterministic linear quadratic systems was

SIn [14], first coupled forward and backward stochastic differential equa-
tions are derived and then they are decoupled into two Riccati equations using
the four step technique of [16]. In [15], a matrix dynamical optimization
method is used.



proposed in [18], [19]. This is an iterative approach. Each
iteration consists of two steps: (i) a decomposition step in
which each agent assumes decoupled dynamics and costs and
computes its local control trajectory by solving an optimal
tracking problem from pre-specified linear offsets for the
dynamics and a reference trajectory for the cost; (ii) a coor-
dination step in which the linear offsets for the dynamics and
reference trajectories for the cost are computed for all agents
from the pre-specified control trajectories. It is shown that this
iterative process converges to the optimal centralized solution.
In contrast to such decomposition-coordination methods, our
proposed solution is not iterative. The optimal gains for all
agents are computed in a single step by solving Riccati
equations. Furthermore, our solution methodology works for
deterministic as well as stochastic systems.

A related solution approach called mean-field games (MFG)
was proposed in [20]-[28] to compute approximate Nash
equilibrium for large population games. The main idea is to
assume an infinite large size of each sub-population and solve
a set of two coupled equations: a Hamilton-Jacobi-Bellman
(HJB) equation to compute the best response of a generic
agent playing against a “mass trajectory” and a Fokker-Planck-
Kolmogorov (FPK) equation to compute the mass trajectory
from the strategy of a generic agent. It is shown that a solution
to these equations exists under appropriate conditions. The
resulting strategies are e-Nash when the sub-populations are
finite, where the approximation error is O(1/+/n), where n
denotes the size of the smallest sub-population. For linear
quadratic systems, the coupled HIB-FPK equations simplify to
K Riccati equations and two coupled forward and backward
ODE:s. In contrast, in our solution there is an additional Riccati
equation instead of the coupled forward-backward equations.
The coupled equations in MFG depend on the initial mean-
field while the Riccati equations in our solution do not. The
key difference between our results and the results in the
MFG literature is that we obtain team optimal strategies of a
decentralized control problem while in the MFG literature one
typically obtains either Nash or Markov perfect equilibrium
strategies of a large population dynamic game problem. These
solution concepts are different.

The approach of mean-field games was used to obtain team
optimal solution of linear quadratic systems with decoupled
dynamics in [29]. It is shown that the MFG solution is &-
socially optimal (with ¢ € O(1/y/n)). We obtain a similar
result for dynamically coupled agents with € € O(1/n).

It should be noted that identifying team-optimal control
laws for systems with coupled dynamics is significantly more
challenging than for systems with decoupled dynamics. This
is because, when the agent dynamics are decoupled (and
the primitive random variables are Gaussian), the information
structure is partially nested, so one may restrict attention to
linear strategies. Furthermore, for a finite horizon system,
team-optimal strategies may be obtained by solving a set of

linear equations.® In contrast, when the system dynamics are
coupled, the information structure is non-classical and there
is no general solution methodology to obtain a team-optimal
solution.

ITI. MAIN RESULTS

A. Exact solution for MFS-IS

We impose following standard assumptions on the model
described in Proposition 1:

Assumption (A1) The  primitive random variables
{x1,{w¢}1_ 1} have zero mean, finite variance, and are
mutually independent.

Remark 2 Note that we do not require the primitive random
variables to be Gaussian. Nor do we require the initial state
x; and the disturbance w; to be independent or exchangeable
across agents.

Assumption (A2) For every t, P*, P!, QF, and RF are
symmetric matrices that satisfy

Qf >0, Vkek,  diag(Q¢,...,Qf) + B’ >0,(10)
RF >0, VkeK, diag(R;,...,RE)+P*>0.(11)

Note that matrices P and P} are not required to be positive
semi-definite as long as (10)—(11) hold.

Theorem 1 Under (Al), (A2), and (MFS-IS), we have the
following results for Problem 1.

1) Structure of optimal strategy: The optimal strategy for
Problem 1 is unique and is linear in the local state and
the mean-field of the system. In particular,

uj = L¥(a} — 7F) + L¥x,, (12)
where the gains {L¥, L¥}I=! are obtained by the so-
lution of K + 1 Riccati equations given below: one
for computing each L* k € K, and one for Ly =
rows(L{, ..., LE).

2) Riccati equations: Let

A, = diag(A}, ..., AF) + rows(D;, ..., Df),
B, == diag(B}, ..., BE) + rows(E}, ..., EX),
Qi = diag(Q;,...,QF), Ry =diag(R;,...,R").

Then, for t € {1,...,T — 1}, define:

T -1 T -
LY =— <(Bf) M, Bf +Rf> (Bf) Mf, A,
Ly =— (B My1\By+ R, + P!) " Bl My, Ay,

where {MFYT | and {M\T_, are the solutions of
following Riccati equations:

Mlk:T = DRET(Allc:Tv Bf:Tv Qlf:Tv RIf:T)v (13)

M. = DREr(Av.7, Bir, Qur + Pip, Rir + Pliy).
(14)

It is shown in [9] that a finite horizon system with partially nested
information structure may be converted to a static team by an appropriate
change of variables. The optimal control laws for such a static team may
be obtained by solving a set of linear equations [30]. The key conceptual
challenge in such problem is to identify sufficient statistics such that the
optimal control laws can be computed efficiently and the results can generalize
to infinite-horizon setup.



3) Optimal performance: Let
Sk 1

¥ = TN Z var(wi —wlF), ¥ = var(w,),
iENF
oL 1 ’ _
gk = N Z var(zi — 2f), == var(xy).
ieENF
Then, the optimal cost is given by
=Y Te(EXMY) + Te(EMy)
kel
T-1
+§:{§:%QﬁMﬁQ+TH&MgQ. (15)
t=1 Lkek

The proof is presented in Section V. Note that the dimen-
sions of Riccati equations (13) and (14) do not depend on
the sizes of the sub-populations ([N, ..., |[N¥|). Hence, the
solution complexity depends only on the number K of sub-
populations and it is independent of the number of agents
in each sub-population. To implement the optimal control
strategies:

o all agents must compute Lq.7_; by solving the Riccati
equation (14),

o agents of sub-population £ must compute i’f:Tﬂ by
solving the Riccati equation (13).

Then, an individual agent ¢ of sub-population k, upon observ-
ing the local state z¢ and the global mean-field X;, chooses
its local control action according to (12). Note that each agent
needs to solve only two Riccati equations, although there are
K + 1 Riccati equations in Theorem 1.

Remark 3 An interesting feature of the solution is that all
agents in a particular sub-population use identical control laws.
This is a feature of the linear quadratic system and not of
exchangeability.”

Remark 4 If the per-step cost has cross-terms involving
(zf,%;) and (ui,ﬁt), ie.,

DD

ke e,/\/k

|: SI kxt + (Uf) S;u kut

then, this cost can be re-written in the form of (6) and (7):
%] S¥%, + 1, Si'uy
where

SF = rows(S5t, ..., 805), S = rows(Si, ..., S ).

"The following example (which is based on an example presented in [31])
shows that asymmetric control strategies may outperform symmetric ones
even in systems with exchangeable agents. Consider a system with 2 agents
that runs for a horizon 2. Let X = U = {1,2} and suppose the initial
state (ocl,:c%) is umformly distributed over all possible values. Suppose the
dynamics are zb = uf, i € {1 2} and the costs are ¢1(x1,u1) = 0
and ca(x2,u2) is C when {z} = 22} (where C is a positive number)
and O otherwise. The above system is exchangeable. Any symmetric control
strategy puts positive probability on the event {ui = u%} (and, hence on the
event {z% = x% }) and, therefore, has a positive expected cost. On the other
hand, the asymmetric strategy uz1 = ¢ has zero cost. Thus, symmetric control
strategies are not optimal.

Remark 5 We assumed that there are no cross-terms of the
form z7Su in the per-step cost of (3) and (4). If such cross-
terms are present, there will be cross-terms involving (z%, ul),
(xi,ay), (%4, ul), and (Z4,u;) in the equivalent mean-field
model presented in Proposition 1. These cross-terms can be
treated in the standard manner as cross-terms are treated in
centralized LQR.

Remark 6 Suppose in addition to (Al), we have that
{2, {wi}i>1}ien are 1ndependent and for any &k € K,
(28);epw is ii.d. with variance ZF and {w}};cpx is i.i.d. with
variance E,’f. Then, we have

s WE -1

LR )
%

=k NV |_1: = = , 5K

== S = = diag(Z',...,E%).

The expression of total cost (15) can be simplified accordingly.

B. Approximate solution for PMFS-IS

In this section, we consider Problem 1 under PMFS-IS.
Based on the results of Theorem 1, we propose a certainty
equivalence strategy for PMFS-IS and show that the perfor-
mance of this strategy is close to the optimal performance
under MFS-IS. We impose the following assumptions on the
model.

Assumption (Ala) In qddition to (Al), for any k € S and
k' € 8¢ initial states (21);ep are independent of (1) ;e -

Assumption (Alb) The  primitive  random  variables
{28 {wiYE | Yienr are independent. For any k,k € K,
there exist finite matrices c® and c¥ such that

k

-

sup var(z}) < ¢k, var(w!) < ¢

iENFE

sup
t<T,ieN*

Assumption (A3) The dynamics {A¥F, BF, DF, EF}iex, cost
{QF, RF Ve, P® and PP, and covariance bounds
{ck, kY ek do not depend on the sizes ([N, ..., |NK]) of
the sub-populations.

Since we are comparing the system performance under two
information structures, we use different notation for the two.
Under MFS-IS, the state and action of agent ¢ are denoted by
ot and u!. Assume that u! is generated as per Theorem 1.
Under PMFS-IS, the state and action of agent ¢ are denoted
by si and v}. The dynamics are same as (5). In particular for
agent 4 of sub-population k € K, st = ¢ and

sty = Afs, + Bfvi + Dfs, + Efv +wi,  (16)
where
s = vec(s},...,55), §¢ = ((sDien)
Vi = VeC(T_)g, ey _tl{); 'l_)zlfC = <(UZ)16N">

Define a (mean-field) approximation process {z;}1_, as
follows: z; = vec(z},...,25), where for any k € K,



k . . . .
zF € R9; the initial state z; is given by z¥ is 5% for k€ S
and is 0 for k ¢ S.8 The process evolves as:

kes, (17
keS¢,

Zf+1 = {§f+1, 7 7
A¥zF + (BFLY + Df + Ef L)z,

where L; is as defined in Theorem 1. Note that the approxima-
tion process {z;}7_, is adapted to the filtration {{5F}rcs}7_,
which is known at all agents. Therefore, at time ¢, z; can be
computed at all agents.

Now, consider the following certainty equivalence strategy
for PMFS-IS: for agent i of sub-population k,k € K,

vi = LF(st — 2F) + LFa,. (18)
The above strategy is similar to the optimal strategy for

MFS-IS (given by (12) in Theorem 1) except that the mean

field {5 }rex has been replaced by its approximation z;.
For ease of exposition, let d, ==, ., d® and matrix H =

rows(H?, ..., H¥) be a binary matrix such that
Ik — Ogk xa,, k€S,
]ld?j,xdwv k e §¢.

Let J denote the performance of strategy (18) and J* denote
the optimal performance under MFS-IS. Then, the difference
in performance J — J* is bounded. In particular, we have
Theorem 2 Assume (Ala), (A2), and (PMFS-IS). Then,

1) The performance loss is given by

T-1
J—=J" =Te(X1 M) + ZTF(WtMtJrl)7 19)

t=1
where X1 = laq,x24, ® [H o var(X1)], Wy =

124, x24, ® [H o var(wy)], and M. is the solution of
following Lyapunov equation:

My.7 = DLET (A7, Q1.7), (20)
where
Ao [ A —(Maxa, = H)o A7
0 Ho A? ’

and Qt,: di@gﬁ—@j, Qf) where fltl = A+ Btj’t’,
A} = Ay + BiLy, Qf = PP + Qi+ L{(P{* + Ry) Ly,
Q% = PtI+Qt+LI(Ptu+Rt)Lt, and Lt = dlag(L%, ey
LE).

2) Let n = mingese(JN*|). Under (Alb) and (A3),

j—J*eO<T>.
n

The result is proved in Section VI.

Remark 7 As the number of agents in each sub-population
k € §¢, becomes large, the approximation error J — J* goes
to zero; therefore, PMFS-IS is as informative as MFS-IS.

Note that when the mean-field of all sub-populations are
shared, then S = K and, therefore, H is zero. Consequently,

81f the initial states are non-zero mean, then z¥ = E(z%) for k ¢ S.

the approximation error given by (19) is zero. Hence, the result
of Theorem 2 is consistent with that of Theorem 1.

Corollary 1 When the mgan-ﬁeld is not shared, i.e., S = (),

the approximation error J — J* is

Tr (var(x,) (M7 — M)+ Z Tr(var (Wy)(MZ, — M}, ,)),
t=1

where Mf:T and ]\;[12:T are the solutions of following two

decoupled Lyapunov equations:

Mll:T = DLET(A%:Ta Q%:T)? M12:T = DLET(A%:Ta Q%T)

Proof: When S = (), H is 14,xq,; thus, A, is block
diagonal. Consequently, the Lyapunov equation (20) decouples
into the two smaller Lyapunov equations given above. [ ]

IV. SPECIAL CASES AND GENERALIZATIONS

In this section, we present two special cases and two
generalizations of Problem 1. Due to space limitations, we
only present the results for MFS-IS (i.e., the analogue of
Theorem 1); the results for PMFS (i.e., the analogue of
Theorem 2) may be derived in a similar manner.

A. Special case 1: major and minor agents

Suppose there exist M C K sub-populations with only 1

agent, i.e., Nk| = 1,k € M. Then, for every k € M,
% = xF. The rest of the dynamics and cost are the same

as in Section II-A. Since the dynamics are coupled through
the mean-field, the states of the agents of sub-populations M
directly influence the dynamics of all other agents and the
per-step cost. For this reason, such agents are called major
agents. A variation of the above model with a single major
agent was first introduced in [32] and other variations have
been investigated in [33]-[35].

For above model, result of Theorem 1 simplifies as follows.

Corollary 2 For any sub-population k € K\M and minor
agent i € N, uy is given by (12). For any major agent i €
NF k€ M, the control law is given by uf = LFx;.

Note that for k € M, LF is not needed to compute u¥; so
we do not need a Riccati equation to compute MF ..

B. Special case 2: no local controls

Suppose that for all k € K, BF = 0 and RF = 0. Moreover
assume that there exists a vector 8; = rows(6},...,05),0F €
R% x R% k € K, such that Ef = EF@] for all k € K and
P = ezﬁtuet. In addition, let 0er denote the right inverse
of 0F (i.e., Gfﬁf+ = lgaz ), which is assumed to exist. This
implies that the dynamics and cost are given as follows. Let

=010, =y Ofuf.
ke

Then, for agent i € N'* of sub-population k € K, we have

) ki b ~ .
5”§+1 :Atiﬂz‘i’DtXt*l*Et uterz



At time ¢ € {1,...,T — 1}, the per-step cost is given by,

Ct(Xt,ut,it,th) = igptht +ﬁ:puﬂt
+>D |Nk (2)" Qua,
keK ieNF
and t =
T(XT,XT) = XTPTXT + Z Z
keK ieNk

Corollary 3 For the model described above, the optimal
control law is given as follows. For all k € K and i € N'¥,

|./\/k :CT QTIT

; g
uy = I

where [L}, ... ,I:tK} =: Ly is given as in Theorem 1 but with
By replaced by B, = rows(E},...,EF) and P" replaced
by P

The proof is presented in Appendix B.

Remark 8 Note that for the model defined above, each agent
only needs to observe the mean-field of its sub-population
(rather than the mean-field of entire population). Thus, this
result is similar in spirit to [36, Theorem 1].

C. Generalization 1: tracking cost function

Consider a tracking problem in which we are given a
tracking signal {sF}1 ,, sF € € R% for the mean-field of sub-
population k£ € K and a tracking signal {ri}7_,, ri € Réz,
for each agent i € N'*.

Define 7F = ((r;),eNQ k€K, Ty = vec(F! . and
s; = vec(s;,...,sK). The tracking cost is as follows For
te{L”wT—l}

et (X¢, Uy, Xy, ﬁt)

1 —K)

= (%¢ —5¢) PP (% — s¢) + 0] Plag
i T i i i i
+Z Z Nk| [ =) Qf(ft*Tt)Jr(Ut)TRfut},
keEK ie Nk
and fort =T,

cr(xp,Xr) = (X7 — ST)TPTT()_(T —s7)
i\T i
+ Z Z |Nk 7qT) Q’;’(xT
keK ieNF

We assume that, in addition to MFS-IS specified in Sec-
tion II-A2, agent i also knows signals {7, T, s;}._,. The rest
of the model is the same as in Section II-A.

Theorem 3 Under (Al), (A2), and (MFS-IS),
strategy is unique and given by

~rh),

the optimal

= LF(zl — 2%) + LFx, + FFol + FFo,,

where the gains {L¥, L¥}I'=! are obtained by the solution
of K + 1 Riccati equations defined in Theorem 1 and the
gains {FF, FFYI2! and the correction signals {vi,v,}T_, are
given as follows. Let {MFYT_| and {M,}T_, be the solutions
of K + 1 Riccati equations defined in Theorem 1. For t €
{1,...,T =1}, the gains {F}F,EF\T_| are given by

2L

9] T . v -1 T
i = ((BN) 8, BE+ RE) - BY

L FEY) =
F, = (B My 1By + R, + P2)

and rows(F}, F, where

Bl.

The correction signals {vi, v, }1_| are given recursively as
follows: for t =T,

v = Qv or = Qrrr + Psr, (22)
and fort € {T —1,...,1},

= (A} + BF L) vl + Qfr, (23)

= (A; + B,Ly) 041 + Qi + PPy 4)

The proof is presented in Appendix C. To implement the
optimal control strategies:

o all agents must compute Li.7_; and Fi.p_; by solving
Riccati equation (14) and compute the global correction
signal v1.7 by solving backward equations (22) and (24),

« agents of sub-population k must compute L%, | and
Flszfl by solving Riccati equation (13),

« an individual agent ¢ of sub-population & must compute
a local correction signal v%,. by solving backward equa-
tions (22) and (23).

Then, an individual agent ¢ of sub-population k, upon observ-
ing the local state z¢ and the global mean-field X;, chooses
its local control action according to (21).

D. Generalization 2: weighted mean-field

Suppose there are weights (a’, A%, b?) associated with each
agent i € A such that a’, \' € R and b* € R+ . For each sub-
population k£ € K define the weighted mean-field of states and
actions as follows

A kA
t |Nk7‘ Z )\'LJU]ZU ut ‘Nk| Z )\’Lui,
1ENFE iENFE
)’(;\ = VBC((EI’/\7...,_K’>\), ﬁf‘ = vec(u L ’\,...,_K’)‘).

Also, define a** =

ﬁ > et Ala’. For sub-population k €
IC, the state of agent i € N k evolves as follows.

Tipr = Afwi + Biug + o' (DR + BE0y) + wy.
The per-step cost is given by
A - T pre T pus
c(xe, w, X7, 07) = (X A) % P () P
k i\T pk, i
+Z Z |Nk [xt tx% (uy) Rtué},
ke ieNk
and the terminal cost is given by
er(xr, %)) = (%)) Pix %JFZZU\/I@ {IT ]%ZT]

kEK ieNF
Such models arise in applications where the interaction be-
tween two homogeneous agents is not symmetric but depends
on their weights. For example, in wireless networks, the
interference caused at the base-station depends on the distance
of the agents from the base-station.
In the above model, agents are not partially exchangeable.
Nonetheless, we are able to explicitly identify optimal control
strategies under the following assumptions.



Assumption (A4) For each sub-population k € K and each
agent i € N*, a'b’ = Nah?,

Given a sub-population k£ € K, examples of weights that
satisfy (A4) are: for all i € N, (i) a’ = 0, (i) o’ = 1 and
bi = A, (iii) @ = A\, b = 1, and ﬁziem M = 1. To

simplify the exposition, define y* := 2 — W—lkl Y ient (’\T)Q

Assumption (A2a) For every t, P, P", QF, and R} are
symmetric matrices that satisfy
QF >0, Vke K, diag(p'Q},...
Ry >0, Vke K, diag(u'Ry, ...

Q) + P >0,
WERE) + P> 0.

Note that if ;* = 1, (A2a) reduces to (A2). Each agent has
mean-field sharing information structure, i.e., agent i € N*
of sub-population k € K observes the local state z¢ and the
weighted mean-field %;.

Theorem 4 Under (Al), (A2a), (A4), and (MFS-1S), the op-
timal strategy is unique and given by

T AR U PN
i 7 _k, _
Ut = Lt (flft — Txt ) =+ ﬁLt Xt?

where the gains {L¥, L¥}YT=\ are obtained by the solution of
K + 1 Riccati equations defined in Theorem 1 when A, By,
@4, and Ry are replaced by

A, = diag(AL, ..., AK) 4 rows(@*D}, ..., a"*DF),
B; = diag(B}, ..., BX) + rows(a' E}, ..., a*EK),
Qr = diag(u'Q;, ..., 1 QL),

Ry = diag(u' R}, ..., u* RE).

The proof is presented in Appendix D.

Remark 9 The optimal strategy depends on the weights and,
even within a sub-population, the gains of the mean-field terms
are different for different agents.

Remark 10 If the dynamics of the agents are decoupled, i.e.,
a* = 0 for all agents, then the results of Theorem 4 are similar
to the model with soft constraints discussed in [13].

Note that if ¢ = b = A = 1 for all agents, then
the weighted mean-field model reduces to the basic model
described in Proposition 1 and the result of Theorem 4 reduces
to that of Theorem 1.

V. PROOF OF THEOREM 1

We start with the model presented in Proposition 1. The
proof proceeds in three steps.

o Step 1: We use a coordinate transformation to construct
a system that is isomorphic to the original system.

« Step 2: We construct an auxiliary system which is system
of Step 1 with classical information structure (i.e., all
decisions are made a single agent).

o Step 3: We show that the optimal control laws of the
auxiliary system can be implemented using MFS-IS. A
fortiori, they are also optimal for MFS-IS.

A. Step 1: A coordinate transformation

Define %! = z! — zF and 4 = wu! — @} and con-
sider the following coordinate transformation 7 of the state
and action spaces: T vec ((z})ien) = vec ((&)ienr, X¢) and

T vec ((u})ien) = vec ((@h)ienr, Uy). Under this transforma-
tion, the dynamics (5) may be written as

i, = AfE, + Bl + ), (25)
where 0! = wi — wf and WF = ((w});cn+) and

Xip1 = AXe + By + wy, (26)
where W, = vec(w}, ..., wS) and A; and B; are defined as

in Theorem 1.

The per-step cost c¢;(X¢, ug, X, u;) and terminal cost
er(x7,Xr) can also be written in terms of the transformed
variables. For that matter, we need the following result that
is similar to the Parallel-Axis Theorem (or Huygens-Steiner
Theorem) in mechanics [37]:

Lemma 1 For any x = vec(z!,..., oY) and 7 = (x), let
¥ = a2' -7, i € {1,...,N}. Then, for any matrix Q of

appropriate dimension,
1 & 1 &
T T o1
i Z(mz) Q' = ¥ Z(mL) QT+ 7'Qx.
i=1 i=1

Proof: The result follows from elementary algebra and
. N i
the observation that ) ., ' = 0. [ |
An immediate consequence of Lemma 1 is the following:

Corollary 4 For time t, t € {1,...,T}, there exist functions
{& Y rex and & such that

(X, g, X, Ug) = & (Xe, W) + Z Z & (&, 1;), (27)
ke ieNE
where
& (%, 0p) = X1 (Qr + PP)%y +uf (R, + P')uy,
ok (wi v 1 iy T o i\ T o
C?(xtvut) = ] [(xt) Qfxt + (1) Rf“t} )
and fort =T,
cr(xr,xr) =er(xr)+ Y G(#),  (28)
1ENF kEK
where
_ = “T/A - ok (i 1 i \T <i
CT(XT) = X}(QT + P’laz)XTa Cl;“(xT> = ‘Nk| (xT) I%xT

Since the transformation 7 is an isomorphism, the trans-
formed model with dynamics (25) and (26) and the per-step
cost (27) and (28) is equivalent to the original model in
Proposition 1, irrespective of the information structure.



B. Step 2: An auxiliary system

Consider an auxiliary system with state x; =
vec((Z%);en, X¢) and action 1y = vec((1});enr, Uiy) (Which is
same as the transformed model of Step 1). There is a single
centralized agent that chooses 11, based on the observations.
In particular, the centralized agent observes x; and chooses
u; according to

ﬁt = g]t(il:tv ﬁl:t—l)- (29)

The performance of strategy g := (g1,...,gr) is given by
rr-l
J(g) = E® { Z ct(Xe, Wgy Xe, Uy) + o (X7, X7) [, (30)
t=1

where the expectation is with respect to the measure induced
on all system variables by the choice of strategy g. We are
interested in the following optimization problem.

Problem 2 In the auxiliary system, find strategy g* rthat
minimizes (30), ie.,

Tt = J(g") = inf J(&),
g

where the infimum is taken over all strategies of the form (29).

Let J* and J* denote the optimal cost for Problem 1 and
Problem 2, respectively. Since the per-step cost is the same in
both cases, but Problem 2 is centralized, we have that

J* > J*

We identify the optimal control laws for the auxiliary system
and show that these laws can be implemented in, and therefore
are optimal for, the original decentralized system.

C. Step 3: The Optimal Solution of the Auxiliary System

The auxiliary system is a stochastic linear quadratic system.
So, the optimal control laws are linear and the optimal gains
are given by the solution of an appropriate Riccati equation.
However, the dimension of the state x;, and therefore the di-
mension of the Riccati equation, increases with the number of
agents. To overcome this challenge, we present an alternative
approach that involves solving K + 1 Riccati equations that
do not depend on the number of agents.

Since the auxiliary system is a stochastic linear quadratic
system, the certainty equivalence principle [38, Theorem 6.1]
holds. Therefore, the optimal control law is identical to the
control law of the corresponding deterministic system, whose
dynamics are given as follows: for k € KC and i € N*

5724-1 = Aic + B U,t, it—&-l = Atit + Btl_lt,

and whose per-step cost is ¢;(x¢, ;) given by Corollary 4.
Under (A2), the deterministic centralized linear quadratic
system 1is strictly convex; hence, the solution is unique [38,
Theorem 4.1].

Note that this system consists of (N + 1) components:
N components with state #! and action i, i € N, and
one component with state X; and action u;. The first NV
components are split into K classes of identical components—
one for each sub-population. The components have decoupled

dynamics and decoupled cost. Thus, the optimal control law
of each class may be identified separately. In particular, from
[38, Theorem 4.1], we have that

Theorem 5 The optimal control strategy of the auxiliary
system (i.e., Problem 2) is unique and given by

u = Etit andfor ke ]C,’L € Nk, vZ Lfl‘t,

where the gains {L¥, L,}1=! are given as in Theorem 1.

Now, we transform the optimal centralized solution, given
by Theorem 5, back to the original model (by taking the
inverse of coordinate transformation used in Step 1), to get

ul =l 4+ af = LF (2! — 2F) + LFx,.

Note that the above control laws are implementable under
MFS-IS. Therefore, the solution of Problem 2 coincides with
the solution of Problem 1 with MFS-IS.

VI. PROOF OF THEOREM 2
A. Preliminary results

We use the same transformation as Step 1 in Section V-A.

In particular, for any k € K and i € N'*, define 7! := x! —zF,

vi. i sk gi._ gi _ gk Si._ i =k
Uy == uy —uy, §; = s; — 5y and ¥y := v; —v;. Then, we have
Lemma 2 For all t, 5; = %} and u' = v;. Consequently,

T

J—J = Z [Ce (8¢, Vi) — Ce(Xg, )]

t=1

3D

Proof: We prove the first part by induction. Note that
i = 87 and 0} = L’féll = L’fi’l = uj. This forms the basis
of induction. Now assume that 5} = Z; and ¥; = wu; and

consider time ¢ + 1. Then,

811 = AY8 + BYo + by = AfE; + Bl 4wy = .
Moreover, ¥, = LF 3l = LF &%, = ai,,. Thus, the
result is true by induction. Equation (31) immediately follows
from the first part and Corollary 4. [ ]
Next we simplify (31) in terms of the following relative

errors: For any k € K, define
(=% — 2 and & =5 -z

Let ¢, = vec(¢}, . .. ,Ct )and &, = vec(&}, ..., E). For ease
of exposition, let vector h = vec(h', ..., h¥) be binary such
that h¥ = Ogp 1 if k € S and h¥F =T 4x .y if k € S°.

Lemma 3 Ler A, be defined as in Theorem 2. Then, ¢, =
hoXxy and £, = hoX; and
I+

[ Cr1 } _ [ Ce
§ia £
Proof: From (16) and (18), we get

3t+1 AlsP oy 4+ DFs, + EFv, + oy,

Uy —Lk(st _Zt)+L Zt,

hOWt :|

howt

(32)
where wf = ((w});carx). Write (32) in a vectorized form,

St41 = AiSp + Bivi + Wy, vy = Etft + Lz,



where w; = vec(w}, ..., w;*). From Theorem 1, we can write
the dynamics under the optimal strategy as follows
xH_l = AFzh + (BFLY + DF + EFLy)%, + @,
= Lt Xt,
and in a vectorized form,
(Ap + BeLy)%y + Wy, Uy = LiXy.

X1 =

Thus, the dynamics of the relative errors can be written as
follows. If k € S,

(i = AFCE + (BELY + Df + EfLy)¢,
— (A} + BFL)¢E — (Df + EfLy)g,,
ff-s-l =0,
and if k£ € S¢,

¢k = AFCE + (BFLY + Df + EFL
= (A} + BFLy)F +

)Ct + wz{ga
§in (Df + Ef L)€, + ;.
Combining these, gives the result of the Lemma. [ |

Let 7; = {5%,}res be the history of the mean-fields of
sub-populations S that are observed.

Lemma 4 For all t, E[(,|F] = E[§,|Fi] = 0.

Proof IkaS ¢F = ¢ = 0 and if k € S¢
(P = ¢F = z¥, and from (Ala) E[z¥|F] = E[z}] = 0.
Therefore, E[¢,|F1] = E[£,|F1] = 0. Thus, from Lemma 3
and E[w;|F;] = 0, we get that E[(,|F;] = E[§,|F:] =0. =

Lemma 5 z; is measurable with respect to F;, therefore,
E[Zt|ft] = Zy.
Proposition 2 The relative loss is given

T

J—J" =E Z[Ct St]TQt[Ct &

t=1

Proof: Recall that &, (X¢, Uy) = X (Q;+PF)%X,+ 1] (R +
P)u;. The proof follows immediately from (31) and the
following observation:

Lemma 6 Let Qt =Q + PF and Ifit =R, + P}, Then,
E[s] Qi8: — %) QuXe|Fi] = E[£] Qi€ — ¢ QuCil ),

and
E[v] RV, — 0] Ryuy| Fi] = E[&] LT R, L&, | F)
—E[¢{ L] R LiC,| ).
Therefore, the proof of Proposition 2 is complete. ]
Proof of Lemma 6:

1) Substituting §; = &, + z; and X; =
E[E{Qﬁt — itTQtiﬂ]:t]
WE[E] Qi, — ¢T QuCe|Fi) + 2E[E] Quze| Fi]
— 2E[¢] Quz| FY]
= E[it Qtét - Ct QtCtu:t]v

where the last two terms in (a) are zero by Lemmas 4
and 5.

¢, + 2, we get

2) Substituting Ve = .Z/tﬁt‘i‘fztzt and u; = -Z/t)_{t = .Z/t (Ct+

Z:), we get
E[v] RV, — @] R,t| F]
D EIE] L] R Lig, — ¢ LT R LG, |7
+ 2E[&] L] Ry Lyzy| Fy) — 2B[C] Lo Ry Lyzy | F)
= E[&] LT ReLag, — CTLT R Loy |,
where the last two terms in (b) are zero by Lemmas 4
and 5. [ ]

B. Proof of Theorem 2

To prove part 1, note that J — J* is the expected total
quadratic cost (given by Proposition 2) of a linear (uncon-
trolled) system (given by Lemma 3). Thus, J—J*is given by
(19) where M. is the solution of the Lyapunov equation (20).
Note that the variance of the initial state and noises in
Lemma 3 are given as follows:

= Xh
= Wt.

var(h o X1, hoX1) = lag, x24, ® [H o var(Xy)]

var(h o wy, h o Wy) = Log, x24, @ [H o var(w,)]

To prove part 2 of Theorem 2, first observe that due to
(A3), matrices A, and Qt do not depend on ([N, ..., ]| );
therefore, neither does Mj.7. Thus the only dependence on the
size of the sub-population is due to X 1 and W;. Under (Alb)
and (A3), for any sub- populatlon ke K,

k
- ey
var(zZF) = |J\fk|2 Z var(zt) < o
ieENF
_k Cfu
var(wy) = |Nk|2 Z var(w!) < et
iENF
From (Alb), var(xy) = dlag(var 71),...,var(z¥)) and
var(w;) = diag(var(w}), ..., var(wk)). Thus
- 1 _
X1 < E]bdmxgdm ® [Hodlag(ci, ..,cf)] ,
- 1 _
Wy < ﬁ]l2dz><2dx ® [H o diag(cl,,...,ch)].

Thus, X; and W, are O(%) From (19), we have

=< | (R + Zl\Tr (Wi ti41) |,

where each of above absolute values is (9( ). In particular,
since X 1 and Wt are O(n) and M1 .7 do not depend on n,
|TI‘(X1M1|) and |TI‘(WtMt+1)| are O(n)‘

VII. INFINITE HORIZON

The results presented in Sections III and IV general-
ize to infinite horizon setup in a natural manner. As-
sume that the model is time-invariant, i.e., the ma-
trices {A¥ BF DF EF QF RF Pr P} and covariances
{if,it,ut,_t} (defined in Theorem 1) do not depend on
time; hence, we remove the subscript ¢. The rest of the model
is as same as that in Section II-A.



Consider the infinite horizon discounted cost and the infinite
horizon long-term average setups as follows:

Problem 3 Given discount factor § € (0,1), find a strategy g
that minimizes the following cost:

Jp(g) = (1 - B)E® [gﬁt_lc(xmuuitaﬁt)}

where the expectation is with respect to the measure induced
on all the system variables by the choice of strategy g.

Problem 4 Find a strategy g that minimizes the following
cost:

. 1 - -
Ji(g) = lim E® {TZC(XuUt,Xtvut)}’

t=1
where the expectation is with respect to the measure induced
on all the system variables by the choice of strategy g.

Assumption (A5) For each sub-population k € K,

(VBAF,\/BBF¥) are stabilizable and (\/BA*,\/QF) are de-
tectable. In addition, for A, and By defined in Theorem I,

(VBA,\/BB) are stabilizable and (v/BA,\/Q + P*) are

detectable.

A. Exact solution for MFS-IS
The optimal strategy under MFS-IS is as follows.

Theorem 6 Under (Al), (A2), (AS5), and (MFS-IS), the op-
timal strategy for Problems 3 and 4 are linear and time

homogeneous and are given by
ul = LF (2! — 2°) + LFx,, (33)

where the gains {L* | L*} are obtained by the solution of K +1
algebraic Riccati equations given below: one for computing
each Lk,ki € K, and one for L = rows(LY, ..., L¥). Let
matrices A, B,Q, and R be defined as in Theorem 1; then,
given 5 € (0,1],

ik — (BkTMkBk + B—le)il BkTMkAk

L=—(B'MB+p Y R+P")  B'MA,
where M* and M are the solutions of the following algebraic
Riccati equations:
M* = DAREs(A*, B¥ Q*, R®),
M =DAREg(A, B,Q + P*, R+ P“).

In addition, the optimal performance is given by

Js=(1-0)

ST (EkMk) + Te(EM)
ke

_|_

Z Tr (ikl\ulk> + Tr(iM)] ,
kek
where ik, 3, ék, and = are defined as in Theorem 1.

Proof: The proof follows along the same lines of the
proof of Theorem 1. We construct an auxiliary system as

in Section V, which consists of |[A| + 1 components with
decoupled cost and dynamics coupled only through the noise.
Since the costs are infinite-horizon discounted and infinite-
horizon long run average, the optimal solution is given by
appropriate algebraic Riccati equations.® Under (A2) and (A5),
these Riccati equations have a unique solution [38, Theorem
9.2]. ]

B. Approximate solution for PMFS-1S

In this section, we propose an approximately optimal
strategy for Problems 3 and 4 under PMFS-IS. Let L =
diag(L*, ..., LX) denote a diagonal matrix with diagonal
terms of L* defined as in Theorem 6. We impose the following
assumption.

Assumption (A6) /B(A + BL) is Hurwitz matrix.

Let J, 3 denote the performance of strategy (33) where X; is
replaced by z; in (17) and J; denote the optimal performance
under MFS-IS. Then, the difference in performance Jz — .J 5
is bounded. In particular, we have the following

Theorem 7 Assume (Ala), (A2), (A5), (A6) and (PMFS-IS).
Then, for 3 € (0,1], we have

1) The performance loss is given by
Jo—J3=(1-B)Tr (XlM) T (VVM) G4

where X1 and W are time-homogeneous and defined
as in Theorem 2 and M is the solution of following
algebraic Lyapunov equation:

M = DALE;(4,Q), (35)

where A and Q are defined as in Theorem 2 and L=
diag(fl, ce EK) and L are computed as in Theorem 6.
2) Let n = mingese(|IN*|). Under (Alb) and (A3),
Js—aseo(l
eolt)

Proof: The proof follows along the same lines of the proof
of Theorem 2. In particular, under (AS) and (A6), \/Bfl of
Proposition 2 is Hurwtiz; hence, the performance loss may be
computed by the associated algebraic Lyapunov equation given
by (35). Note that even though Q is not positive semi-definite,
the algebraic Lyapunov equation has a solution [39]. The proof
of part 2 of Theorem 7 follows from (34) and observation

that (1) ]\Z~ given by (35) does not depend on n due to (A3);
(ii) (X1, W) are O(1/n) due to (Alb). [ |

Remark 11 Assumption (A6) is always satisfied _iqué~C =0
and EF =0 for all k € K. In this case, v/3(A + BL) is

diag(v/B(AY + B'LY), ..., \/B(AK + BKLKY),

where each of the diagonal terms are Hurwitz by definition
of L* given in Theorem 6.

Note that an infinite-horizon discounted problem with 4-tuple
(A,B,Q,R) and discount factor [ is equivalent to an undiscounted
problem with 4-tuple (v/BA, VBB, Q, R).



VIII. NUMERICAL EXAMPLE

To illustrate our results, we consider an example that is
motivated by demand response in power systems. In demand
response, the volatility in renewable generation is compensated
by making small changes in the demand of a large number
of loads. We model the load dynamics according to a model
proposed in [40], but consider a different per-step cost.

Consider a population A/ of space heaters that can be
partitioned into K disjoint sub-populations N*, k € K =
{1,..., K}. Each sub-population corresponds to a particular
type of space heater that have similar physical characteristics
such time response and nominal temperature. For space heater
i,i € N, the state i denotes the room temperature at time ¢.
Consider a nominal temperature z¥ = for sub-population ,
k € K, and let u% ., be the control input needed to maintain
the room temperature at z* Following [40], we linearize

nom:*
the dynamics of sub-population k around z¥ . i.e.,

i ko _ k(i k ki i
Tit1 =~ Tpom = @ (xt - xnom) +b Uy + Wy,
Z’ .

m and wy is

is large enough such

where u! is the control input in addition to u®
a random disturbance. We assume u*
that (uf + uf,,,) is positive.

Let x%,, denote the desired temperature of user ¢.
It is assumed that the mean desired temperature
Rdes= vec(Zh,.,...,zK ) is known to everyone (e.g.,
independent system operator (ISO) could compute it and
broadcast the mean value to everyone or it could be computed
in a distributed manner using a consensus algorithm). For the
purpose of demand response, time is divided into epochs of
length T'. At the beginning of each epoch, a central authority
such as an ISO generates a reference mean temperature 1m..qf
and broadcasts it to all users.

During an epoch, all users collectively minimize the total
expected cost E[ZZ:l ct|, where the per-step cost ¢; is given
by

1 . . -2 t
T 2 [0t = ) 4 7] ol — ey
ieEN

where m; = (3, 2i)/|NV]|. The rationale for the per-
step cost is that we penalize deviations from the desired
temperature (which corresponds to the user’s comfort level),
the control effort, and deviation of the mean temperature from
the reference prescribed by the ISO. The weight % is so that
we linearly add more weight to meeting global preference.
The above problem is an optimal tracking problem and the
optimal strategy is given by Theorem 3. As an example, we
consider the following values of the parameters: K = 2,

p =30,q =2 r =50, 2t = zi ~ Normal(20,3),
wi ~ Normal(0,0.01), and
N =40, a'=05 b =15z, =20,
IN?| =100, a*=08, b =10 22 =20

and consider three epochs. In the first epoch, 1 < ¢ < 50,
there is no reference signal and the space heaters are operating
around their local set temperatures; in the second epoch, 50 <
t < 150, myes = 21; in the third epoch, 150 < t < 250,
Myer = 19. The resultant trajectories of a subset of the users
are shown in Fig. 1.

N A/V\, \va/\.‘N M/VNW\,, \-‘v
T AN AN

NY

22 ANV

Temperature

0 50 100 150 200 250
Time

Fig. 1. Demand response with a population of 140 space heaters consisting
of two sub-populations of size 40 and 100. In the initial phase, 1 <t < 50,
the system is uncontrolled. In the first epoch 50 < t < 150, the system tracks
a mean reference temperature of m,.; = 21; in the second epoch 150 < ¢t <
250, the system tracks a mean reference temperature of m,.; = 19. The thin
lines show the local temperature of 20 out of the 140 space heaters, where
blue lines corresponds to the first sub-population and red lines correspond to
the second sub-population. The thick black line shows the mean-temperature
achieved by the optimal strategy.

IX. CONCLUSION

We presented team optimal control of a decentralized system
with partially exchangeable agents. Partial exchangeability
implies that such a system is equivalent to one where the
dynamics and the cost are coupled only through the mean-
field. Our two main results are as follows. First, when the mean
field is observed by all agents (the MFS information structure),
the linear control laws are optimal and the corresponding
gains are computed by solving K + 1 Riccati equations,
where K is the number of sub-populations. The dimensions
of these Riccati equations are independent of the size of sub-
populations; consequently, the solution complexity depends
only on the number K of sub-populations (rather than the
size of the entire population). Second, when the mean-field of
a (possibly empty) subset of sub-populations is observed by
all agents (the PMFS information structure), a linear control
law based on certainty equivalence is approximately optimal.

An important practical implication of these results is that
they do not suffer from the curse of dimensionality. In fact,
under assumption (A3), the solution does not even depend on
the number of agents and the optimal gains can be computed
without being aware of the size of each sub-population.
Consequently, the solution methodology generalizes to the
setup where the agents in a sub-population arrive and depart
according to an exogenous process (e.g. number of electric
vehicles plugged in for charging in smart grids).

The raison d’etre for investigating decentralized systems is
that it is not possible—either physically or economically—to
send all the state observation to a centralized controller. We
show that when agents are partially exchangeable, we may
circumvent the conceptual difficulties of decentralized control
and achieve the centralized performance by sharing only the
mean-field. Moreover, in view of the results of PMFS-IS, one
may even decide not to share the mean-field of large sub-
populations because there is only a small loss in performance
in using the approximate value of the mean-field instead.

Throughout this paper, we assumed that when the mean-



field is observed, it is observed without noise. In practice
(especially if the mean-field is computed using a consensus
algorithm), the mean-field will be observed with noise (and
the noise will be different across agents). Our results show
that if all sub-populations are large, such an observation noise
will not matter. (In fact, the agents may completely ignore
the mean-field observations and use the approximate values
instead). However, if some of the sub-populations are small,
the solution approach is not obvious. In particular, in the
special case when all sub-populations have one agent, the
problem reduces to the general decentralized control problem
with non-classical information structure. Identifying a solution
methodology for this general case remains a challenging
research direction.
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APPENDIX
A. Proof of Proposition 1

Let A7 denote the (i, j)-th block of matrix A;. We use
a similar notation for other matrices as well. Fix a sub-
population k,k € K. If we exchange agents i,j € N ’f,. then
property 2 of exchangeability implies that A;* = A7’ and
for any other agent n € N, A" = AJ™ and A}"" = A},
(Similar relationships hold for B; as well). Property 3 implies
that Q}" = @Q77, Q;" = QF", and Q" = Q. (Similar
relationships hold for R; as well). Define the following:
o Fori,j e N¥ A" = A7 and B} = B}". Denote these
by af and bf, respectively. _ _
o Fori,j € N¥ and n,m € NI # k,Ai’n = AP™ and
B}™ = B}"™. Denote these by di"' and e;", respectively.
e Fori,j e N* Q;' = Q] and R} = R}”. Denote these
by ¢F and rF, respectively. A ‘
e For i,j € N*¥ and n,m € NI # k,Q;" = Q'™
and R™ = RJ'™. Denote these by p{"™' and pi"*',
respectively.



Now, consider the dynamics according to (2), the dynamics of
agent ¢ of sub-population k£ can be written as
Ti = A"x + B u, 4wy, (36)

where A% and B*" denote the rows corresponding to the ith
block of A; and B;. Note that

Arxy =AY+ Y APal+ > Y Atray

JENE j#i leR,l#k neNt
; K.k j Kl
= afl’; + d; E 1’% + E dy E i
JENE jHi lelC,l#k neNt

afxy +di (VM et —a) + Y dr N

1eK, £k
_ + ZDkl 1
lek

(37

where AF = ¥ — dP* and D' = |N'|d'. By a similar
algebra, we can define Bf and Etk ! such that
Bj'w = Bfuj+ Y E'uj, (38)
lex
where BF = bf — " and B = |Nef!. Substituting (37)

and (38) in (36), we get (5). Now consider the per-step cost
given by (3). Note that

DD B AR

keEKIEK ieN* jeN!

=2 > > > @

keK e, #k ieNF jeN
AT akk
22 2 @ete
kEK icN* jENF i
T
+> D (@) g
ke ieNFk

_Z Z |NkHNl xt)T ac,k,ll

keK 1€, I#£k

+ZZ Z|Nk‘2 Tzkkf

kEK ieN*k jeNF

_ZZ l,thkki_FZZ (z}) Qfl“i

keEK ie Nk ke ieNk

_ZZ‘N]C”NZ Tzkll

keK ek

+3° 3 (@) (g}

keK ieNF

—XtPXt+ZZ tl’%,

ke 16./\["

where P = |NF[IN!p™E! and QF = |NF|(gf — p
By similar algebraic manipulation, we can show

U Rtut—utPut—FZZ
kel zEJ\f’C

where P%l = |N*||NYp»*! and RF = [N*|(rF
Substituting (39) and (40) in (3), we get (6).

XtTQtXt =

Ta:klj

F =)

(39)

Kk
¢

(40)

tuta

ek
—p).

B. Proof of Corollary 3

Under the assumptions on the model, the dynamics, given
by (25) and (26), simplify to
= Ay, + = A%y + Byl + W,

ui _
Titq Xt+1

and ¢ (X, uy) of Corollary 4 simplifies to

&(Xe, 1) = X (Qr + PY)Xe + @] (P)iy
Thus, the IV subsystems corresponding to %% are uncontrolled
and we need to identify w; to optimally control the dynamics

of mean-field X; with per-step cost given by (41). Hence, the
optimal solution is given by
> Liw,

ke

(41)

Uy = LyXy =

where L; is computed as explained in Corollary 3. To complete
the proof, note that if agent 1 e N* of sub-population k € IC
chooses action ui = 08" Lt xt, then we get Okl = Lrzk,

—k
consequently, i; = Zke,c OFul = dorer L kzk.

C. Proof of Theorem 3

As in the proof of Theorem 1 described in Section V, define
Ty = xp — i‘,’f, i = ul —af, % = vec((#})ien,%¢), and
;= vec((4!);en, Uy). We identify a cost function {5 }rex
and ¢; as in Corollary 4.

Corollary 5 For time t, t € {1,...,
{Vrex and & such that

T}, there exist functions

ct(Xta uta)_(t7 ﬁt) = Et()_(h ﬁt) + Z Cf(%é7ﬁi>

ie/\fk keK
- Z 7"t trta
kek
and for t =T,
_ _ kT Ak -
er(xe, %) = er(Xr) + Y &(@) = Y (7F) Q.
iENk keX kek
To describe ¢(-), define y; == [5Z5]. Then,
- 0 _T/5 0
Ct(Xt, ut) yt |:C(2)t Px:| y: + uI(Rt + Pt )ut,
t
— — T QT O :l
cr\Xr) =Yy x| YT
wr) =vE |9

Moreover,

A A2

g 1 i iyT i i vinT pk i
e i) = [ [ - )G — o) + ()R]

1 . A , ,

N (@ — ) Q3% — 15)]

Then, define a centralized auxiliary system where the state is
%; = vec((4!)sen, X¢), action is 0y = vec((u!);enr, Ur), and
the per-step cost is given by Corollary 5. Note that the per-step
cost is decomposed into terms that depend only on (X¢, u)
and terms that depend only on (%%, %) (and terms that do not
depend on the control strategy). The rest of the proof follows

along the same lines of the proof of Theorem 1. In particular,

C?( T) =



we consider a deterministic dynamical system and split it into
K + 1 classes. The agents in class k,k € K, are solving a
tracking problem whose solution is given by

vi _ Tkt k4
Uy = L@y + Fyvy

The mean-field component is also solving a tracking problem
whose solution is given by

us = Etit + Ftl_Jt.

The result of the Theorem follows from combining the above
equations. Therefore, from standard results in LQR tracking
problem, the optimal control law of agent i € A% of sub-
population k£ € K is given by

ui =i+ af = LGt = aF) + Fll] + [Lixe+ Fral

where gains {L¥, L¥, FF, FF}T-! are identical for all agents
of sub-population k, v; is identical for all agents of all sub-
populations, and v{ may be different for each agent.

D. Proof of Theorem 4

The proof follows the same lines as the proof of The-
orem 1 with the following differences. The mean-field is
defined as :?f A = TWE D Nk Aixl (similar interpretations

hold for ﬂf A and @) )‘) and the breve variables are defined
as ¥t = xt — ;)\1 b (similar interpretations hold for ut and

w?). Note that due to (A4), the dynamics of & and xt are
still given by (25) and (26), respectively, where A; and B; are
defined as in Theorem 4.

The equivalent of Lemma 1 is the following:

Lemma 7 Let (\',...,\N) € RN and (b',...,
1 N

In addition, for any X = vec(zt, ..., x
(Nz)Ny), let 2 = o' — 222, i € {1,...,
any matrix Q) of appropriate dimension,

1L, 0
T2 @)@ Zbl
i=1

1 N (/\i)Z
NZizl bt

Consequently, the equivalent of Corollary 4 is the following

V) e RY,
and T*
N}. Then, for

) Qi + (7)) uQz,

where 1 =2 —

Corollary 6 For time t, t € {1,...,
{&Yrex and & such that

P N i
cr(xe, g, X3, 07 ) = & xt,ut + E E Ct xt,ut

keK ieNF

T}, there exist functions

M) (Qr + PP)x) + (8) (R, + PYay,

oiNT ks oinT pk i
(#) @bt + (i) Rbwt|

1

é:&(‘/ié’ ut)

ieENE ke

where
or(x3) = (%) (Qr + PH)%;

k vi
TxT:| )

where Q; and R, are defined as in Theorem 4.

p(ap) =

b i
W [(xT)T

The rest of the proof is the same as in Section V-C. We can
show that the optimal control strategy of auxiliary model is
given by

) = L;x} andforkeK,ie N*, ai=LFz
where the gains {L¥, L;}7 7! are given as in Theorem 4. To
complete the proof of Theorem 4, note that

)\i A e A
i _ Lk A 2 Lkx),
u ut + bl ( b Ty > b
Thus, the control laws specified in Theorem 4 are the optimal

centralized control laws, and, a fortiori, the optimal decentral-
ized control laws.
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