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Optimal Local and Remote Controllers With Unreliable
Uplink Channels: An Elementary Proof

Mohammad Afshari

Abstract—Recently, a model of a decentralized control system
with local and remote controllers connected over unreliable chan-
nels was presented in [1]. The model has a nonclassical informa-
tion structure that is not partially nested. Nonetheless, it is shown
in [1] that the optimal control strategies are linear functions of the
state estimate (which is a nonlinear function of the observations).
Their proof is based on a fairly sophisticated dynamic program-
ming argument. In this article, we present an alternative and ele-
mentary proof of the result which uses common information-based
conditional independence and completion of squares.

Index Terms—Certainty equivalence, common information ap-
proach, linear systems, networked control systems, separation of
estimation and control.

|. INTRODUCTION

In a recent paper, a methodology for synthesizing optimal control
laws for local and remote controllers for networked control of a linear
system over unreliable uplink channel was presented [1]. Such models
arise in applications such as temperature control in smart buildings,
control of UAVs, vehicle to infrastructure communication, etc.

The model proposed in [1] is a decentralized control system with
nonclassical information structure. Due to the unreliable nature of
the uplink channels, the information structure is not partially nested.
Therefore, one cannot a priori restrict attention to linear strategies.
Nonetheless, it is shown in [1] that the optimal local and remote control
laws are linear functions of the state estimate (which is a nonlinear
function of the observations). See Theorem 1 for a precise statement of
the result.

The proof technique employed in [1] uses ideas from the common
information approach of [2] to compute the optimal control laws. Using
a conditional independence argument, it is first shown that the local
controllers can ignore the past realizations of their local states without
any loss of optimality [1, Lemma 1]. When attention is restricted
to control strategies with such a structure, the resulting information
structure is partial history sharing [2]. So, in principle, the common
information approach of [2] is applicable. However, there are several
technical difficulties in extending the argument given in [2] for finite
valued random variables to continuous random variables. The key result
of [1] is to carefully resolve these technical difficulties—issues of
measurability, existence of well-defined value function, and infinite
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dimensional strategy space—and then obtain a closed form solution of
the dynamic program.

In this article, we provide an alternative and elementary proof of the
result of [1]. Our proof also relies on the split of total information
into common and local information as proposed in [2]. However,
instead of using the dynamic program proposed in [2], we develop
an alternative solution methodology which relies on: 1) the conditional
independence of the local states given the common information (which
was established in [1]); 2) simplifying the per-step cost-based on this
conditional independence, the orthogonality principle, and the comple-
tion of squares. The key advantage of this solution approach is that it
completely sidesteps the technical difficulties with measurability and
existence of value functions present in a dynamic programming-based
approach. Given the paucity of positive results in optimal control of
decentralized systems, we believe that a new solution approach is
interesting in its own right.

The model considered in [1] consists of IV local controllers and one
remote controller. For ease of exposition, we assume that N = 2. It will
be clear from the proof that the steps extend to general /N. For the most
part, we broadly follow the notation and terminology of [1], but we
occasionally deviate from it to be consistent with the standard notation
used in linear systems.

A. Notations

We use superscripts to indicate subsystems/controllers and sub-
scripts to indicate time. Thus, z¢ denotes the state of subsystem 4 at
time ¢. The superscript T denotes transpose (of a vector or a matrix).
0,,xn 1S @ m X n matrix with all elements being equal to zero. We
omit the subscript from 0,,, .,, when the dimension is clear from context.
Given column vectors x and y, the notation vec(x, y) is a short hand for
the vector formed by stacking x on top of y. Given random variables z,
y, and z, the notation « L y | z indicates that « and y are conditionally
independent given z. Given matrices A and B with the same number
of columns, rows(A, B) denotes the matrix obtained by stacking A on
top of B.

Given matrices A, B, @, M, R, and P of appropriate dimensions,
we use the following operators:

R(P,A,B,Q,M,R)=Q+ ATPA
— (M + ATPB)(R+ B"PB) (M + ATPB)T
G(P,A,B,M,R)=(R+ B"PB) (M + ATPB)T

which denote the one step update of the discrete time Riccati equation
and the gain of a linear system, respectively.

Il. MODEL AND PROBLEM FORMULATION

A. System Dynamics

Consider a discrete-time linear dynamical system consisting of
N = 2 subsystems. Let 21 € R% denotes the state of subsystem 4,
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i € {1,2}. There is a local controller C"* colocated with subsystem .
In addition, there is a remote controller C°. The information available
to the controllers will be described later. Let ui € R%, i € {1,2},
denote the control action of local controller C* and u? € R4 denote
the control action of remote controller C°.
The initial state z{ of subsystem 4, i € {1,2}, is random and the
dynamics of subsystem 7 is given by
uy
i

T =AM+ (B0 B | ) )

Uy

where w! € R% is the process noise and A%, B, and B% are
matrices of appropriate dimensions. We assume that random variables
{w}, ..., whk |, wd, ..., w3 |} are independent and have zero mean
and finite variance. Let z; := vec(z}, 2?), us := vec(u?, u}, u?), and
wy := vec(w}, w?) denote the state, control actions, and noise of the
overall system. Then, the system dynamics can be written as

Typ1 = Axy + Buy + wy ()
where the matrices A and B are given by

B 0
B22

BlO
B2 0

All

A= 0 A22

and B =

B. Information Structure

At time ¢, the local controller C*, i € {1, 2}, perfectly observes the
state ! of subsystem 4 and sends it to the remote controller C° over
an unreliable packet drop channel. Let I'; € {0, 1} denote the state of
the channel, where I'! = 0 means that the channel is in the OFF state
where the transmitted packet gets dropped while ') = 1 means that the
channel is in the ON state where the transmitted packet gets delivered.
Thus, I'? is a Bernoulli random variable and we denote the packet drop
probability P(I'"; = 0) by p’. We use I'; to denote (I';, T'?).

Let 2! denote the output of the channel i, i € {1,2}, i.e.,

zi, ifTi =1

: 3
¢, ifri=0 ©)

zp = fay, 1) = {
where & denotes a dropped packet. It is assumed that there are perfect
channels from C° to C'* and C?. Using these channels, C° can share
z := vec(z}, 27) and u?_; with local controllers C'* and C?. Note
that it is possible to recover I'? from z¢. Hence, all controllers also have
access to I';. The fact that I'; is available at all controllers is critical to
derive the main result of the model (presented in Theorem 1).
Let H,i € {0, 1,2}, denote the information available to controller
C' to take decisions at time ¢. Then

(4a)
(4b)

Hto = {Z();t7 FO:t» ug:tfl}

HZ = {x(i):t?u(i):t—lvZO:t7FO:t7u8:t—1}7 (S {1’2}

Let 7! be the space of all possible realizations of H;. Then, controller
C' chooses it’s control action according to

uj = gi(H}), i€{0,1,2} (5)

where the Borel measurable function g¢ : i — R is called the con-
trol law of controller C'* at time t. The collection g* = (gé, ..., g% ;)
is called the control strategy of controller C. The collection g :=
(g° g', g?) is called the strategy profile of the system.

C. System Performance and the Optimization Problem

The system operates for a finite horizon I". Attime ¢t < 7', the system
incurs a per-step cost
Tt
Ut

and at the terminal time 7', the system incurs a terminal cost

M! R,

e ! Q. M,
Ct(fﬂt,ut)— w
t

CT(JJT) = I}QTﬂUT

where Q;, M;, and R; are matrices of appropriate dimensions. We
assume the following block-wise structure of @y, M;, and R;:

Qt:[ %1 t12" Mt:[M‘IO Mtll Mt12:|
@ Qrl MPME M
and
[R® RO R
Ri= |RI® RN R
R2 R R2

The performance of a strategy profile g is given by

J(g) = E* i:ct(wt7ut) +er(zr) (6)

t=0

where the expectation is with respect to the measure induced on all the
system variables by the choice of strategy joint profile g.
The following assumptions are imposed on the system.

Al) The primitive random variables {z},z2,wg,...,wh | w2,
cowi T, Th T2, ... T2, } are independent.

A2) The variables {z}, 3, wg, ..., wh | w2, ..., wi |} have zero
mean and finite variance. We use 2¢ and %, to denote the variance
of w! and z{, respectively.

A3) For each ¢, the matrix [ ﬁ} ]gtt ] is symmetric and positive
semidefinite, and the matrix R, is symmetric and positive definite.

We are interested in the following optimization problem.
Problem 1: In the model described above, find a strategy profile
g = (g% g"t, g?) that minimizes (6), i.e.,

J = J(g") =inf J(g)
g
where the infimum is taken over all strategy profiles of the form (5).

D. Some Remarks

The per-step cost function defined above differs slightly from the
per-step cost function considered in [1] in the following ways.
1) In [1], the matrix [ ]3% ]g:] was denoted by R;. We follow the
standard notation heref
2) In [1], it was assumed that the performance of a strategy profile is

Z ci(xy, ut)] .

t=0

]Eg

This is effectively the same as assuming that there is no terminal
cost (i.e., Q71 = 0) and therefore the terminal control actions ulT
are 0 for both local and remote controllers. To avoid such triviality,
we assume a performance function of the form (6).
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I1l. MAIN RESULT

In this section, we restate the main results of [1] but we present them
in a slightly different manner.

A. Common Information-Based Estimates

Following [2], we define the common information H;°™ between
agents as

HE™ = H? N HE N HE.

The information structure of the model (4) implies that Ho™ = HY =
{ZO:h Lo, U?);t71 }

Now we define the common information-based “estimates” of the
state and control actions and the corresponding “estimation errors” as
follows:

&y = Blz, | H{*™],
iy = Blu, | HY™],

Ty =, — & @)
ﬂt = Ut — ﬁt. (8)

For ease of notation, we use :Ez to denote the 74, component of Z;,
1

ie., & = vec(&y,27). Similar interpretation holds for %, ¢, and .
It can be shown that the state estimates and the estimation error
satisfy the following property.
Lemma 1: The state estimates and estimation errors evolve as fol-

lows: for ¢ € {1,2}
N 0, ifly=0
Ty = . )
g, ifTy=1
and for ¢t > 0,
" AYgh+ BOu) + B4, ifTi, =0
i1 = i e
Tiiq, it =1
Therefore,
» xh, ifTi=0
Ty = _
0, ifl'jf=1
and fort > 0
. AZE 4+ Bl +wi, ifTi, =0
Ty, = _
o, i, = 1.
A proof is presented in Section IV-D.

Remark 1: Lemma 1 along with the definition of the state and

control estimates (7) and (8) and the information structure (4) imply that
all controllers know the value of vec(Z}, %) at time ¢. Consequently,
controller C* knows the value of Zi at time ¢. The main result of the
model, explained in the next section, is that the optimal control action

at controller C* is linear in (£, Z}). O

B. Structure of Optimal Control Laws

In order to present the main result of [1], we recursively define
matrices { P, }7_, as follows: Pr = Qr andfort € {T —1,...,1}
Pf:R(Pt+17AaB7QtaMtaRt)’ (9)

Furthermore, let P;* denote the (7, 7)th block of P;. Then fori € {1, 2},
recursively define the matrices {TT; }/_, and { P/ }/_, as follows: IT}, =
fand P = Q% andfort € {T —1,...,1}, let

I}ti = R(Hi+1a Aiia Bii» ii7 Mt“7 R;Z) (10)

and

Hi-&-l = (1 _pi)Ptii1 +pi13ti+1- (1)
The main result of [1] is the following.
Theorem 1: The optimal control strategy for Problem 1 is given by

uy
al| = — K&, (12)
i
and
il = -Kiz, ie{1,2}, (13)

where the time evolution of #; and &, are given by Lemma 1.
The gains {K;}7- and {K,}]; are given by

Kt = g(Pt+17A7B7Mt7Rt)
f(tl = g(Hz+l7AuvB“7Mt“7Rzl)7 (S {172}

where the matrices {P,}7_,, {IT{}7_,, and {P*}7_, are given
by (9), (10), and (11). 0

Remark 2: Let K; = rows(K?, K}, K?). Then, Theorem 1 im-
plies that the optimal control actions are given by

ud = —KP%, (14)

ul = —Kid, — Ki(al — &%), ie{1,2}. 15)

Such a control law is feasible because, Z! is available at controller C'*
as explained in Remark 1.

The structure of the control laws (14) and (15) implies that the
optimal action is a linear function of the state estimate Z,. Note that
the evolution of the state estimate, given by Lemma 1, is a nonlinear
function of the data available at controller C%, i € {1,2}. O

Remark 3: The result does not depend on the distribution of the
noise processes {w; b0, @ € {1,2}, as long as the random variables
{wd, ... wk [, w3,...,w2 |} are independent and have finite sec-
ond moment. For convenience we have presented the result under the
additional assumption that the noise is zero-mean but that assumption
can be relaxed using a change of variables. 0

IV. PROOF OF THE MAIN RESULT

A. Roadmap of the Proof

Our proof is based on the following fact which is typically referred
to as the completion of squares in the literature.

Fact Givenalinearsystemz;, = Ax; + Bu: 4+ w;, the quadratic
cost

I

(2] Qi + uf Ryw] + 2k Qrar
t

Il
<}

may be rewritten as

T-1 T-1
xf Powo + Z(Ut + Lews) TA¢ (us + Lyxe) + ngpwlwt
t=0 t=0
where Pr = Qr and for t € {T'—1,...,0}, P, = R(Pi11,4, B,
Q:,0,R;), Ly = G(Pyy1,A,B,0,R;),and A, = (R; + BTP,1 B).

Using this fact, one can prove the structure of optimal strategy for
the centralized control of stochastic linear systems for both complete
and partial state observation. See, for example, [3, Ch. 8§]. However, the
completion of squares argument does not work directly for decentral-
ized control systems.
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In our proof, we exploit a fundamental property of the model, which
was established in [ 1, Claim 2] and is formally stated as Lemma 2 below:
x} 1L 2?|H°™. As a consequence of this conditional independence,
the past realizations (z{.,_, u.,_;) are irrelevant at controller C'* and
may be shed without loss of optimality. This follows from Blackwell’s
principle of irrelevant information [4] as generalized to decentralized
control systems in [5]. The simplified structure of the optimal controller
was established in [1, Lemma 1] and is formally stated as Lemma 3
below.

Using these two results and basic properties of conditional expecta-
tions, we prove the structure of the dynamics of the state estimates and
the estimation error (Lemma 1). This structure was also established
in [1, Th. 3] as part of the result that establishes the structure of the
optimal controller. However, as we show below, one only needs the
conditional independence property of Lemma 2 and its consequences
to establish Lemma 1.

As a next step, we use orthogonal projections and the specific form
of the information structure to simplify the per-step cost (Lemma 5).
We combine this simplified form of the cost with the dynamics of the
state estimates and estimation error (established in Lemma 1) to prove
completion of squares result for the cost (Theorem 2) tailored to the
specific model of the system.

Subsequently, we follow the standard steps of the “completion of
squares” argument to establish the structure of the optimal strategy.

B. Conditional Independence of Local States
and Its Implications

A key property of the model established in [1, Claim 2] is the
following.
Lemma 2: For any control strategy profile g of the form (5)

xy AL a? | Hom. O

Furthermore, it is shown in [1, Lemma 1] that the above conditional
independence implies the following.

Lemma 3: In Problem 1, there is no loss of optimality to restrict
attention to local controllers of the form

up = gy (xy, H™™), i€ {1,2}. (16)

d
An immediate consequence of the above lemma is the following.
Corollary 1: For any control strategy profile g of the form (16), we
have the following:
D (2, up) AL (2F, uf) | HEo™;
2) (& a}) AL (#2,@) | Heom. 0
Proof: Property 1 follows from the Lemma 2 and the structure of
the control strategy. Property 2 follows from Property 1, (7) and (8) and
the fact that 2¢ and 4! are functions of Ho™. [ ]

C. Some Preliminary Properties

Lemma 4: For any control strategy profile g of the form (5), we
have the following
H1) 49 = uf and @9 =
vec(0, 4}, 42).
H2) E[Z, | H°™] = 0 and E[d, | H°™] = 0.
H3) For any matrix W of appropriate dimensions, IE[$] W §,] = 0,
where §; = vec(Zy, ;) and §; = vec(Zy, Uy).
Furthermore, if the strategy profile is of the form (16), we have:
H4) For any matrix W of appropriate dimensions, IE[(3})TW32] = 0,
where §¢ = vec(7i,at). O
Proof: Property (H1) follows from the fact that u? is a measurable
function of H? (which is the same as H{o™).

0. Thus, 4; = vec(u?, 4}, 4?) and i, =

Property (H2) is a standard property of error estimates and can be

shown as follows:
E[z, | H;*"] = E[z; — E[z, | H;*"] | H;""] =0

Property (H3) follows from the generalized orthogonality principle
and can be shown as follows:

E[5]W§,] = E[E[S]WS, | H™]| = E[§]W E[5, | H{°™]].
N——
=0 (by (H2)
Property (H4) follows from Corollary 1 and (H2). |

D. Proof of Lemma 1

143 com com 1 2 1 2 0
By definition, H{T = H{°™ U{z/ 1, 2741, Digr Tivg,ud )

Thus

A1 _ 7 com
Tip1 = E[xtJrl | Ht+l}

. i com 1 2 1 2 0
= E[xt+1 | H; aZt+1vzt+1:Ft+17Ft+1aut]

= E[IiJrl | Htcom7zz+17[‘i+1]7 a7

where we canremove z, + 1 (Where —i means the controller other than 7),
th_l, and u? due to the following reasons.
1) By (3), th e f(xtH, Ft+1) and hence conditionally indepen-
dent of zj , given H;°™ due to (Al), Lemmas 2 and 3.
2) T4, is conditionally independent of z}_ ; given {H{°™, u?} due
to (1) and (Al).
3) u? = g?(H?) and hence may be removed from the conditioning
(since Hfo™ = HY).
Now, we consider the two cases '} ; = O and I'} | = 1 separately.
When 'y, ; =0, z;,; = € and from (17) we have

i _ i com i _ 1 _
Ty = E[mt+1 | H; s R4l — ¢, FH—I = O]

(‘1) m
Elz;,, | H™]

© 4vigi 4 B 4 Bla

where (a) follows from (A1) and (b) follows from (1), (7), (8), (H1),
(Al), and (A2). Consequently

~i i si i Wi~ i
Tpy =wiyy — Ty = A"T + B + wy.

Now consider the case whenI"; . | = 1,i.e., 2}, = «} . Therefore,
~1 _ i com i o i _ I )
Ty = E[xH—l | Hy y R4l — xt+17ri+1 =1]= Tigq-

Consequently, T}, ; = z;,q — 21y, = 0.

E. Orthogonal Projection for Per-Step Cost

Lemma 5: For any strategy profile of the form (16), we have

Ex]Quz) =E | 2] Q2 + Z (FNTQVE] (18)
ie{1,2}

Eluf Ryu] = E |af Ryt + Z ()" Ri'ay (19)
i ic{1,2)

Elz] Myu,] = E | &] M4, + Z ()T M (20)
L i€{1,2}
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Thus, we have that

Qt Mt
M] R,

Tt

E =E

M] R,

T | O
&

Proof: To show (18), we recall that x; = &; + ;. Thus

U 1y

+ > E

ie{1,2}

! [Qt M,

Foop
(Vi) R

xt

ut

Blz] Qix] = BE] QiZy + T] Qe Tt + 28] Q44| 21
Consider the second term of (21)
(22)

EFQE] = Y Bl(#)TQ/#] + 2B[(3})Q;*F) .
<2 =0 (by (H4))

Substituting (22) in (21) and observing that the third term of (21) is O
due to (H3), we get (18).
Equations (19) and (20) can be proved in a similar manner. [ |

F. Change of Variables

For ease of notation, we define

~i,OFF

o = A"+ BOu) + B"a; (23)
~ileF A’L’L ’L B”ﬂz 4 w; (24)
Thus, we can write
A’L OFF . i
= { 1 o T, =0
t+1 — . . .
Tyt ifri, =1,
and
~1 OFF . i _
P { ty1 o iFTG, =0
t4+1 = o
0, ifl'y,, =1
Let i'tOFF _ vec(i?i OFF7 i’? ,OFF and i.tOFF _ vec( 1, OFF’
29T Tt follows that :E;leF + i"zleF =}, and
~OF A ~
Pf T = Az, + Bi. (25)

Lemma 6: For any strategy profile of the form (5), we have the
following:
H5) For any matrix W of appropriate dimensions, E[(#9FF)TW

~OFF} 0.
Furthermore, if the strategy profile is of the form (16), we have:
H6) For any matrix W of appropriate dimensions, B[(Z}°F)T
Wi OFF = o. 0
Proof: Property (HS) follows immediately from (H3). Property
(H6) follows immediately from (H4) and (A1). |

Lemma 7: For any strategy profile of the form (16), we have the
following:

T . ~i NTPi i
E |2 P11+ E (T441) TPl Ty
ie{1,2}

~1,0 Q ~1,0
=B | @) Ped i + Z t+1FF) Ht+1wt+1FF . (26)

i€{1,2}
O
Proof: We compute the conditional value of the left hand side given
the realization of ',y = (I'{,;,T'?, ;) and using Lemma 1. We have
four cases

1) Tyy1 = (0,0): Inthis case ;1 = &2FF and 7,41 = 20FF . Thus

E (&), Pradep+  (#40) Pha@iyy Tern = (0,0)
€{1,2}

_ ~i,OFF ) i i, OFF
=E (IH—I) Pt+1xt+1 + § xt+1 Pt+1 t+1

ie{1,2}
2) Tyy1 = (1,0): Inthiscase #,41 = vec(z),,, 270 ) = #9FF +
vec(actlleF, 0) and Z;1 = vec(O, i:f+OIFF) Thus,
E 2] Prade + » (#1)TP 3, T = (1,0)
ie{1,2}
A ~1,0FF ~1,0FF
=B [(xt )T Pt+1xt+1 + (T )TPtlil Tplq
~2,0FF ~2,0FF
+ (93?+1 )TPt2+1 ?+1 ]
3) I't41 = (0,1): Similar to case 2), we can show that
E ‘%I+1Pt+1§7t+1 + Z (53%+1)T15ti+1ji+1 Iepr=(0,1)
1e{1,2}
. 1,0FF ~1,0FF
=B [(mtofl )7 Pi+lmt+1 + (T )Tptl+1 L1
~2,0FF ~2,0FF
+( t+l )TPtszl t+l :|
4) Tyy1 = (1,1): In this case, &y41 = 241 = 2L + ZPL and
ji+1 = 0. Thus
E |21, Pradep +  (#0)TP 3, T = (1,1)

ie{1,2}
=E [(‘rtJrl )T Pt+1;v8le + (m?E1F) Pt+15?Jle

+ 2('Tt+1 )T Pt+1x?+1 ]

_ ~1 OFF i1 ~’L OFF
=E (wt+1 )7 Pt+11’t+1 + E Liy1 )7 Pz
ie{l, 2}

where the last equality follows from (HS5) and (H6).
Combining these four cases and using the law of total probability,
we get (26). |

G. Completion of Squares

Lemma 8: Let z € R%, u € R%, and w € R% be random vari-
ables defined on a common probability space. Suppose w is zero
mean with finite covariance and independent of (z,u). Let x, =
Az + Bu + w, where A and B are matrices of appropriate dimensions.
Then given matrices P, @), M, and R of appropriate dimensions
T Q M

MT R

E +al Pxy

u
=E[z"Piz+ (u+ Kz)TA(u + Kz) + wT Puw)
where
A=R+ B'PB,
K =A"'[MT + BTPA]
P, =Q+ ATPA — KTAK. O
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Proof: Since w is zero mean and independent of (z, ), we have
Elz} Pz.] = E[(Az + Bu)TP(Az + Bu) + w" Pw].

The result follows by expanding both sides and comparing
coefficients. |
By combining Lemmas 5, 7, and 8, we get the following.
Lemma 9: For any strategy profile of the form (16)

E |ci(@e,w) + &1 P + Y (@) P d
ie{1,2}

=E[2] Pdy + (U + Ki&y)TA (T + Ko Zy)

+ Z [mt TRE + (i + Ko@) TA (1 + Kiy)

ie{1,2}
+ (w)) I wi] O
Theorem 2: For any strategy profile g of the form (16)

J(g) = E® | 2] Pido + Z
ie{1,2}

owo

+ ) (e + Kodo)TA (s + Koy
s=0

T-1

+ Zu_’_KzzTAz(u_’_Ktz)
s=04ie{1,2}
T-1

T I, w 7)
s=0 ie{1, 2}

where Ay = R, + BTP,1 B and Al = RY + (B™)TIIL, B, i €
{1,2}. |

Proof: For any strategy profile g, define the expected cost to go
from time ¢ onward as

xsaus + CT(xT) (28)

‘We claim that
Vi(g) = E® |a] P, + Y (&))7P}%,
1e{1,2}

T-1

) (e + Kod)TA (ks + Ko)

s=t

T-1
Y0 (@l 4 Kig)TAL(al + KiE)

s=t ie{1,2}

Y w

s=t ie{1,2}

THiJrlw (29)

We prove the claim by backward induction. For t = T', Lemma 5
implies that

Vr(g) =E |27Qrir + Z (Z7)TQrEr

ie{1,2}

Equation (29) follows from the definition of Pr and }5}. This forms the
basis of induction. Now assume that (29) is true for ¢ + 1 and consider
V.. By definition, we have

Vi(g) = E®[ce(ze, ue)] + Viga(g)-

Using the expression for V;; and Lemma 9, we get the expression for
V.. This completes the induction step and proves the claim (29).

The result of the Theorem follows from observing that J(g) =
Vo(g)- u

H. Proof of Theorem 1

By Lemma 3, there is no loss of optimality in restricting attention to
control strategy profile of the form (16). By Theorem 2, the performance
of a strategy of the form (16) is given by (27). Note that the first two
and the last terms of (27) are control free (i.e., they depend on only
primitive random variables). Thus, minimizing J(g) is equivalent to
minimizing

(ﬁs + Ksi's)TAs('as + Ks‘%s)

+ Y (@l + Kigh)TAL(@al + Kig)
i€{1,2}

By (A3), R; is symmetric and positive definite and therefore so
is R, It can be shown recursively that P; and P, are symmetric and
positive semidefinite. Hence both A, and Ai are symmetric and positive
definite. Therefore, .J (g) > 0 with equality if and only if the strategy
profile g is given by Theorem 1.

V. DISCUSSION

The model in [1] consisted of /N local controllers and one remote
controller. We restricted our discussion to N = 2. All steps of our proof
apart from Lemma 7 extend trivially to the case of general N. To extend
Lemma 7 to the case of general IV, one can establish the following result.

Lemma 10: For the system with general N, for any =

(' ..o ), ot € {0, 1}, we have
N
E | 2], Piy1deyr + Z(i;+1)7PtZ+1aEz+l ' Ty = ry:|
i=1
=E (§7t0f1 )7 Pt+1@tole
N
OFF\7 rd OFF
+Z(731+1 )TAL L (Y)E ’ T = ’Y}
i=1
where
ify' =0

. P,
Al i t+1> .
H—l( ) {Ptlj-l if’y’ = 1.

Lemma 7 then follows from observing that

> PN = M)Al (v)

(YL ) (0,1} N
> OP@ =4)ALL ()
'yiE{O,l}
PP+ (1 —p)Pi,

— T
=1, .

Pl =71) -
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The proof of Theorem 2 is similar in spirit to the proof of cen-
tralized linear quadratic control presented in [3]. However, due to
decentralized information and the presence of unreliable commu-
nication channels, the specific details are different. As far as we
are aware, this is the first article which presents a methodology
to synthesize optimal controllers for dynamic decentralized control
systems without using a dynamic programming or a spectral de-
composition argument. In contrast to dynamic programming-based
approaches, we sidestep the subtle measurability issues that arise
in common information-based dynamic program for continuous
state and action spaces. In contrast to spectral decomposition-based
arguments, we do not a priori restrict attention to linear
strategies. We believe that the solution approach presented in this
article is interesting in its own right and may be applicable to other
decentralized control problems as well.
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