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24.1 Introduction

Multi-armed bandit is a colorful term that
refers to the dilemma faced by a gambler
playing in a casino with multiple slot ma-
chines (which were colloquially called one-
armed bandits). What strategy should a
gambler use to pick the machine to play
next? It is the one for which the poste-
rior mean of winning is the highest and
thereby maximizes current expected re-
ward, or the one for which the posterior
variance of winning is the highest, and has
the potential to maximize the future ex-
pected reward. Similar ezploration vs ex-
ploitation trade-offs arise in various appli-
cation domains including clinical trials [5],
stochastic scheduling [25], sensor manage-
ment [33], and economics [4].

Clinical trials fit naturally into the
framework of multi-armed bandits and
have been a motivation for their study
since the early work of Thompson [31].
Broadly speaking, there are two ap-
proaches to multi-armed bandits. The
first, following Bellman [2], aims to maxi-
mize the expected total discounted reward
over an infinite horizon. The second, fol-
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lowing Robbins [27], aims to minimize the
rate of regret for the expected total reward
over a finite horizon. In some of the litera-
ture, the first setup is called geometric dis-
counting while the second is called uniform
discounting. For a large time, the multi-
armed bandit problem, in both formula-
tions, was considered unsolvable until the
pioneering work of Gittins and Jones [13]
for the discounted setup and that of Lai
and Robbins [22] for the regret setup char-
acterized the nature of the optimal strat-
egy.

In this chapter, we restrict our atten-
tion to the discounted setup; we refer the
reader to a recent survey by Bubeck and
Cesa-Bianchi [9] and references therein for
the regret setup and to Kuleshov and Pre-
cup [20], who discuss the regret setup in
the context of clinical trials.

24.2 Mathematical

Formulation of
Multi-Armed Bandits

Multi-armed bandit (MAB) is a sequential
decision problem in which, at each time,
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a player must play one among n available
bandit process. In the simplest setup, a
bandit process is a controlled Markov pro-
cess. The player has two controls: ei-
ther play the process or not. If the player
chooses to play the bandit process i, ¢ =
1,..., n, the state of the bandit process i
evolves in a Markovian manner while the
state of all other processes remains frozen
(i.e., it does not change). Such a ban-
dit process is called a Markovian bandit
process. More sophisticated setups assume
that when a bandit processes is played,
its state evolves according to an arbitrary
stochastic process. To focus on the key
conceptual ideas, we restrict our attention
to Markovian bandit processes. For more
general bandit processes, the description of
the solution concept and its computation
are more involved.

Formally, let {X{}22, denote the bandit
process. The state X! of the bandit pro-
cess 1,1 =1, ..., n, takes values in an arbi-
trary space X'*. For simplicity, we assume
in most of the discussion in this chapter
that X is finite or countable.

Let us = (uf,...,u?) denote the deci-
sion made by the player at time t. The
component u! is binary valued and denotes
whether the player chooses to play the ban-
dit process i (u¢ = 1) or not (u! = 0). Since
the player may only choose to play one
bandit process at each time, u; must have
only one nonzero component, or equiva-

lently
n
Zu§ =1, Vi
i=1

Let U € {0,1}" denote all vectors with
this property. The collection {X; =

(X1, ..., XP)}2, evolves as follows: Vi =
1,....n
xi _[Fedwh, it =1,
=1 X, if ui =0,

where {W}}2,, i = 1,...,n, are mutually
independent i.i.d. processes. Thus, when
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ut = 1, X} evolves in a Markovian manner;
otherwise it remains frozen.

When bandit process i is played, it
yields a reward r%(X}{) and all other pro-
cesses yield no reward. The objective of
a player is to choose a decision strategy
g ={9:}320, where g, : [, X* = U, s0 as
to maximize the expected total discounted
reward

ES [;w > rixiud

i=zl

X() = Xo]

where xg = (z}, . ..,z}) is the initial start-
ing state of all bandit processes and 3 €
(0,1) is the discount factor.

24.2.1 An Example

Consider an adaptive clinical trial with n
treatment options. When the {th patient
comes for treatment, she may be prescribed
any one of the n available options based on
the results of the previous trials. The se-
quence of success and failure of each treat-
ment is an Bernoulli process with an un-
known success probability s, i = 1, ...,
n. The objective is to design an adaptive
strategy that maximizes the expected total
discounted successful treatments.

The above adaptive clinical trial may
be viewed as a MAB problem as follows.
Suppose the prior distribution of s* has
a beta distribution that is independent
across treatments. Then the posterior dis-
tribution of s*, which is calculated using
Bayes’ rule, is also a beta distribution,
say Beta(pt, ¢) at time t. Therefore, each
treatment may be modeled as a Marko-
vian bandit process where the state X} is
(pi,q), the state update function f cor-
responds to Bayes update of the poste-
rior distribution, and the reward function
rH(X}) = pt/(pt + g}) captures the proba-
bility of success.
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24.2.2 Solution Concept and
the Gittins Index

One possible solution concept for the MAB
problem is to set it up as a Markov deci-
sion process (MDP) and use Markov de-
cision theory [26] to solve it. However,
such an approach does not scale well with
the number of bandit processes because of
the curse of dimensionality. To see this,
assume that the state space X' of each
bandit process is a finite set with m el-
ements. Then the state space of the re-
sultant MDP, which is the space of real-
izations of X, has size m™. The solu-
tion complexity of solving a MDP is pro-
portional to the size of the state space.
Hence the complexity of solving MAB us-
ing Markov decision theory increases expo-
nentially with the number of bandit pro-
cesses. A key breakthrough for the MAB
problem was provided by Gittins and Jones
[13] and Gittins [15], who showed that in-
stead of solving the n-dimensional MDP
with state-space H?zl X%, an optimal solu-
tion is obtained by solving n 1-dimensional
optimization problems: for each bandit i,

i=1,...,n, and for each state z* € X,
compute
.
E |y 0700 | X = =]
vi(z') = max —=2

>0 [ i ‘ Xé - $1:|
o )
where 7 is a {o(X},...,X])}2, measur-
able stopping time. The function v*(z?)
is called Gittins index of bandit process i
at state z°. The optimal 7 in (1), which
is called the optimal stopping time at z°,
is given by the hitting time T(S(z%)) of
a stopping set S(z’) C A%, that is, the
first time the bandit process enters the set
S(z*). Algorithms to compute the Gittins
index of a bandit process are presented in
Section 24.3.

Gittins and Jones [13] and Gittins [15]
characterized the optimal strategy as fol-
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lows:

o At each time, play the arm with the
highest Gittins indexz.

Thus, to implement the optimal strat-
egy, compute and store the Gittins index
vi(z") of all states z* € X of all bandit
processes ¢, i = 1, ..., n. Off-line algo-
rithms that compute the Gittins index of
all states of a bandit process are presented
in Section 24.3.

An equivalent interpretation of the Git-
tins index strategy is the following:

o Pick the arm with the highest Gittins
index and play it until its optimal stop-
ping time (or equivalently, until it en-
ters the corresponding stopping set)
and repeat.

Thus, an alternative way to implement
the optimal strategy is to compute the Git-
tins index v*(xi) and the corresponding
stopping time [or equivalently, the corre-
sponding stopping set S(z*)] for the cur-
rent state ; of all bandit processes i, ¢ = 1,

, n. On-line algorithms that compute
the Gittins index and the corresponding
stopping set for an arbitrary state of a ban-
dit process are presented in Section 24.4.

Off-line implementation is simpler and
more convenient for bandit processes with
finite and moderately sized state space.
On-line implementation becomes more
convenient for bandit processes with large
or infinite state space.

24.2.3 Salient Features of the
Model

As explained by Gittins [15], MAB prob-
lems admit a simpler solution than gen-
eral multistage decision problems because
they can be optimally solved with forward
induction. In general, forward induction
is not optimal and one needs to resort
to backward induction to find the optimal
strategy. Forward induction is optimal for
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MAB setup because it has the following
features:

1. The player plays only one bandit pro-
cess, and that process evolves in an
uncontrolled manner.

2. The processes that are not played are
frozen.

3. The current reward depends only on
the current state of the process that
is played and is not influenced by the
state of the remaining processes and
the history of previous plays.

Because the above features, decisions
made at each stage are not irrevocable and
hence forward induction is optimal. On
the basis of the above insight, Gittins [15]
proved the optimality of the index strat-
egy, using an interchange argument. Since
then, various other proofs of the Gittins in-
dex strategy have been proposed (see [14]
for a detailed summary).

Several variations of MAB problems
have been considered in the literature.
These variations remove some of the above
features, and, as such, index strategies are
not necessarily optimal for these variations.
We refer the reader to the survey by Ma-
hajan and Teneketzis [23] and references
therein for details on the variations of the
MAB problem.

24.3 Off-Line Algorithms for
Computing Gittins Index

Since the Gittins index of a bandit process
depends just on that process, we drop the
label i and denote the bandit process by
{ X332,

Off-line algorithms use the following
property of the Gittins index. The Gittins
index v : X — R induces a total order >
on X that is given by

Va,be X, a>b < v(a) > v(b).
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Using this total order, for any state a € X,
the state space X may be split into two sets

Cla)={beX:b>a},
S(a) ={be X:a > b}

These sets are, respectively, called the con-
tinuation set and the stopping set. The
rationale behind the terminology is that if
we start playing a bandit process in state a,
then it is optimal to continue playing the
bandit process in all states C(a) because
for any b € C(a), v(b) > v(a). Thus, the
stopping time that corresponds to starting
the bandit process in state a is the hitting
time T'(S(a)) of set S{a), that is, the first
time the bandit process enters set S(a).
Using this characterization, the expression
for Gittins index (1) simplifies to

T(S())
E[ ) ﬁtr(Xt)lX():a]
v(e) = jmax, @)
e
) @)

where T(S(a)) = inf{t > 0 : X; € S(a)}
is the hitting time of set S(a). The off-line
algorithms use this simplified expression to
compute the Gittins index.

For ease of exposition, assume that
X; takes values in a finite space X =
{1,...,m}. Most of the algorithms extend
to countable state spaces under appropri-
ate conditions. Denote the m x m tran-
sition probability matrix corresponding to
the Markovian update of the bandit pro-
cess by P = [P, and represent the re-
ward function using a m X 1 vector r, i.e.
ro = 7(a). Furthermore, let 1 be the m x 1
vector of ones, 0.,x1 be the m x 1 vector
of zeros, I be the m x m identity matrix,
and 0,,xm be the m x m matrix of zeros.
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24.3.1 Largest-Remaining-
Index Algorithm
(Varaiya, Walrand, and
Buyukkoc)

Varaiya, Walrand, and Buyukkoc [32] pre-
sented an algorithm to compute the Git-
tins index, which we refer to as the largest-
remaining-index algorithm. The key idea
behind this algorithm is to identify the
states in A" according to the decreasing or-
der

o R e s Wl el s 70

where (ai,...,a,) is a permutation of
(1,...,m).

The algorithm proceeds as follows:

Initialization: The first step of the al-
gorithm is to identify the state a; with the
highest Gittins index. Since «; has the
highest Gittins index, S(a;) = &X. Sub-
stituting this in (2), we get that v(a;) =
r{a1) =rq,. Then, choose

Q] = argmaxr,
acX

where ties are broken arbitrarily. The cor-
responding Gittins index is

v{ag) = ro,-

Recursion step: After the states ay,
.., ag—1 have been identified, the next
step is to identify the state a; with
the kth largest Gittins index.  Even
though «y is not known, we know that
Clak) = {o1,...,ap—1} and S(ag) = X'\
{a1,...,0k-1}. Substituting this in (2},
we can compute v{ay) as follows. Define
the m x m matrix by Va,b € X,

(k) Pop, if b€ Clox),
== 3
Qo {0, otherwise; )
and define the m x 1 vectors:
d® = [1- QW] r,
b®) = [1— Q™) 11. @
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Then, choose

q®
Qg = arg max ——
k a€C(ax) i)

where ties are broken arbitrarily. The cor-
responding Gittins index is

Computational complexity: The per-
formance bottleneck of this algorithm is
the two systems of the linear equations (4)
that need to be solved at each step. At step
k, each system effectively has k variables,
so solving each requires (2/3)k® + O(k?)
arithmetic operations. Thus, overall this
algorithm requires

m
2> " [3K° + O(k%)] = jm* + O(m®)
k=1

arithmetic operations. This algorithm has
the worst computational complexity of all
the algorithms presented.

Example 24.3.1 Consider a bandit pro-
cess with state space X = {1,2,3,4}, re-
ward vector r = [16 19 30 4]", and
probability transition matrix

Let the discount factor be 5 = 0.75.

Using the largest-remaining-index algo-
rithm, the Gittins index for this bandit
process is calculated as follows:

Initialization: Start by identifying the
state with the highest Gittins index:

Q1 = argmaxr, = 3;
gaEX @ !

1/((11) =r3 = 30.
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Recursion step:

1. Step £k = 2: Although «a» is not
known, we know that C(ag) = {3}
and S(az) = {1,2,4}. Using (3) and
(4) we get

000.80
Q(z)_ 000.10
ab = o0 0o0]"

00 00
34 1.6
21.25 1.075
4 1
Hence,
al
o S @
@
v(ag) = g-(‘f;— = 21.25.
b&d)
2

2. Step £k = 3: Although a3 is not
known, we know that C(as) = {1,3}
and S(as) = {2,4}. Using (3) and (4)

we get
( 0.100.80
3 0.500.10
Qa,z);= [0‘20 0 0] ’
0000
40.719 1.916
a0 =[], o< [15).
4 1
Hence,
= ar maXx dl(lS) = Z;
a3 =a gae{g"i} b® =4
a$)
v(ag) = o = 20.372

3. Step k = 4: As before, although a4
is not known, we know that C(ay4) =
{1,2,3} and S(a4) = {4}. As in the
previous steps, using (3) and (4) we
get
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54.929 2.613
d® =1 5507 |- @ =353 |-
30.371 2.295

Since S(a4) = {4} has only one ele-
ment, we have
as)
a4 =4, and v(ay) = 0@ = 13.236.
x4
Thus, the vector of the Gittins index of this
bandit process is

21.25
v = |:§g.372j| .
13.236
24.3.2 State-Elimination
Algorithm (Sonin)

Sonin [30] presented an algorithm to com-
pute the Gittins index, which we refer to
as the state-elimination algorithm. As with
the largest-remaining-index algorithm, the
main idea behind the state-elimination al-
gorithm is to iteratively solve (2) in the
decreasing order of ». The computations
are based on a relation of (2) with optimal
stopping problems [29].

A simplified version of the state-elimina-
tion algorithm is presented below. See [30]
for a more efficient version that also works
when the discount factor 5 depends on the
state.

Initialization: The initialization step is
identical to that of the largest-remaining-
index algorithm: Identify the state a; with
highest Gittins index, which is given by

Q1 = argmaxr
gan e

where ties are broken arbitrarily. The cor-
responding Gittins index is

v(ai) =rq,.

Step k of the recursion uses a m x M
matrix Q%) and M x 1 vectors d*) and
b*), where 7 = |S(ax)| = m—k-+1. These
are initialized as Q¥ = P, d® = r, and
b® = (1 - B)1.
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Recursion step: After the states o,
.., ak_1 have been identified, the next
step is to identify the state «aj with
the kth largest Gittins index.  Even
though «j is not known, we know that
Clag) = {a1,...,0x_1} and S(ag) = X'\
{ai1,...,ak—1}. Let the model in the step
k—1be Q*-1 d*-1 and b*~1), Define

8
Akt = T
1- ﬂQakAlaakAl

Let 7 = |S{a){. Define 7 x 7 matrix by
Ya,b € S(ag):
k k-1 - k—1)
Q((l,g = Ql(J,,b ) + Ak"lQ((lI::akl)x lek 1, b
(5)
and define m x 1 vectors by Va € S(ax)
dif = dl 0+ QD A,

bc(zk) - b((]k—l) +)‘k——1Q(k 1) b(k 1)

QO] Q1

Note that the entries of Q(%), d*) and b®*)
are labeled according to the set S(ax). For
example, if X = {1,2,3}, a; = 2 then
S(an) = {1,3} and

(2) (2)
Q(z) = [Qa 1 (é)] )
(&)
(2) = |: 22)} and b(2) e [:%2)] .
3

After calculating Q®), d®) and b

choose
Q. = arg max g—'(lk—)
k= gaES(ak) b((lk)

where ties are broken arbitrarily. The cor-
responding Gittins index is
d(k)
viag) = (1-0)
bl

Computational complexity: The per-
formance bottleneck of this algorithm is
the update of matrix Q) at each step. In
step k, the matrix Q(*) has (m—k+1)? ele-
ments and update of each element requires
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2 arithmetic operations [since we can pre-
compute /\k_lQ,(zlf;kl_)l, for all a € S(ag)
before updating Q(*)]. Thus, overall this
algorithm requires

3 [2(m—k+1)2+0(k)] =
k=1

Zm3 +0(m?)

arithmetic operations. QOur calculations
differ from the m3 + O(m?) calculations
reported in [24] because [24] assumes that
the update of each element of Q¥) takes
3 arithmetic operations, but, as we argued
above, this update can be done in 2 op-
erations if we pre-multiply row ag..; of
Q-1 with A\;_;. Furthermore, in the
implementation presented in [24], b(®) is
computed from Q*), requiring additional
O(m?) arithmetic operations. The above
implementation avoids those by keeping
track of b(¥),

Example 24.3.2 Reconsider the bandit
process of Example 24.3.1. Using the state-
elimination algorithm, the Gittins index
for this bandit process is calculated as fol-
lows.

Initialization: Start by identifying the
state with the highest Gittins index:

a1 = argmaxrg, = 3;
1 gaEX a )

v(ay) = r3 = 30.
Initialize:
0.1 0 0.80.1
1) _ |05 00104
Q( ) = |:0.20.6 0 0.2} ’
0 0.8 0 0.2
16 0.25
1 19 1 0.25
d® {30] ) b = lo.zs]
4 0.25

Recursion step:

1. Step k = 2: Although a3 is not
known, we know that C{as) is {3},
Slag) = {1,2,4}, and Ay = G/(1 —
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AQSY) = 0.75. Using (5) and (6) we
get

1 2 4
1022 036 022

Q® = 2[0.515 0.045 0.415},
4l 0 o8 02

1] 34 1] 04
d? = 2[21.25}, b = 2[0.269}-
4| 4 4] 0.25

Hence,

max d((l?) = 13
a€S(az) b¢(12) o
(2)

v(ag) = (1 — g)g—% = 21.25.
baz

g = arg

. Step k = 3: Although as is not
known, we know that C(az) = {1, 3},
S(as) = {2,4}, and /\2 = ﬁ/(l -
8Q{) = 0.898. Using (5) and (6) we
get

2 4

(3) . 2{021 0.52
Q 4[0.8 0.2]’

a® — 2[36.8 b® = 2[04s
4] 4 | )

4|0.25
Hence,

max 850 _ 5
a€S(as) bg3) -"
a®

v(as) = (1— ﬂ)—‘(";—) = 20.372.
baa

a3 = arg

.Step £k = 4: Although o4 is
not known, we know that C(ay) =
{1,2,3}, S(as) = {4}, and X3 =
B/(1 - BQS)) = 0.882. As in the pre-
vious steps, using (5) and (6) we get

4
QW =4 [0.569],

d@ = 4[30.37], b® = 4[0.574]-
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Since S(a4) = {4} has only one ele-
ment, we have

ag =4, and

v(as) = (1 - dsl _ g,
ba4

24.3.3 Triangularization Algo-
rithm (Denardo, Park,
and Rothblum)

Denardo, Park, and Rothblum {12}, inde-
pendently of Sonin, presented an algorithm
that is similar to the state-elimination al-
gorithm. We refer to this algorithm as
the triangularization algorithm. Although
the main motivation for this algorithm was
to compute the performance of any index
strategy, it can be used to compute the Git-
tins index as well.

A slightly modified version of the trian-
gularization algorithm is presented below.
See [12] for the original version.

Initialization: The initialization step is
identical to the previous two algorithms:
Identify the state a3 with the highest Git-
tins index, which is given by

1 = argmaxr
gaGX @

where ties are broken arbitrarily. The cor-
responding Gittins index is

V(o) =rq,-

The recursion step uses a m X (m + 2)
tableau

ME) = [ [a® |p® ]

where Q¥) is a m x m square matrix and
d®) and b®*) are m x 1 vectors. Initialize
these as Q) = I - gP, d® = r, and
b = (1 - pB)1.



424

Recursion step: After the states o,
.., ak-1 have been identified, the next
step is to identify the state aj with the
kth largest Gittins index. As before, even
though ay is not known, we know that

Clax) = {ay,...,0r-1} and S(ag) = X'\
{ai1,...,0k_1}. Suppose the tableau in
step k — 1 is

M- — [Q*=D [ak-D [pk-D],

Update this tableau using the following el-
ementary row operations

1. Let Mgy = 1/Q<(xli__}2ak_1« Scale
row ag—1 of tableau M*—1) by X\;_;
[i.e., rescale row ai-j such that the
(-1, ak—1) entry of M*=1) is 1],

2. For each state a € S(ay), subtract row
k_1 times the constant Qc(,’f;kl‘)l from

row ¢ [these operations set Q((lkg to 0
for b € C(ag)]. The updated tableau
is M%),

After updating the tableau, choose

a®
Qp = arg max ——
ae3(ax) h*)

where ties are broken arbitrarily. The cor-
responding Gittins index is

viow) = (1 - B)

Computational complexity: The per-
formance bottleneck of this algorithm is
the elementary row operations performed
at each step to update the tableau. In
step k, this algorithm performs (m —k+2)
row operations and each row operation
requires 2(m — k + 1) arithmetic opera-
tions [This is because columns correspond-
ing to C(ox-1) need not be updated be-
cause Qg’f;kl_)l is 0]. Thus, overall the algo-
rithm requires
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i 2(m —k+1)(m — k+2) + O(k?)]
k=1

3 2
= %m + O(m*)
arithmetic operations.

Example 24.3.3 Reconsider the bandit
process of Example 24.3.1. Using the tri-
angularization algorithm, the Gittins index
for this bandit process is calculated as fol-
lows:

Initialization: As in the other two algo-
rithms, the state with the highest Gittins
index is

Q] = argmaxrg, = 3;
gan @ ’

I/(Otl) = 30.
Initialize the tableau M) as
0.925 0 —0.6 —0.075|16(0.25
M — | -0375 1 —0.075 ~0.3 |19/0.25
= | —0.15 -0.45 1  —0.15|30|0.25
0 -0.6 0 085 |4[0.25

Recursion step:

1. Step £k = 2: Since a; = 3, set
A =1/ :(31% = 1. Using the elemen-
tary row operations, the tableau M(2)
is updated to

0.835 —0.270 —0.165{34 [0.4
~0.386 0.966 0 —0.311]21.25|0.269
~0.15 —0.451 —0.15 {30 |0.25
0 ~060 085 |4 |0.25
Hence,
2
ay?
op = arg max -—= = 1;
ae{1,2,4} p® k
q®
2
viag) = (1 - 0) @y = 21.25.
bas

2. Step K = 3: Since az = 1, set
Ag = 1/Q§2; = 1.198. Using the el-
ementary row operations, the tableau
M® is updated to

1 —0.3230 —0.198,40.7190.479

0 0.841 0 —0.388]36.978(0.454
-0.15 —0.45 1 —0.15 |30 0.25

0 —-0.6 0 0.85 |4 0.25
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Hence,

Qp = ar, de
2= gae{z 4} b(z)

v(az) = (1 - 0) i?;) = 20.362.

3. Step k = 4: Since as = 2, set

= 1/Qg3% = 1.189. Using the el-

ementary row operations, the tableau
M® is updated to

1 —0.3230 —-0.198{40.72{0.479

0 1 0 -0.461}43.95/0.539
—-0.15 —-0.45 1 —0.15 {30 0.25

0 0 0 0.574 |30.37]0.574

Since S(a4) = {4} has only one ele-
ment, we have

ag = 4 and
al)
v(ag) = (1~ ﬂ)—é = 13.236.
b,

24.3.4 Fast-Pivoting
Algorithm
(Nifo-Mora)

Nifio-Mora [24] presented an algorithm to
compute the Gittins index that refines a
previous algorithm proposed by Kallen-
berg [16]. We refer to this algorithm as the
fast-pivoting algorithm. As with the other
algorithms, the main idea behind the fast-
pivoting algorithm is to iteratively solve (2)
in the decreasing order of »=. The compu-
tations are based on a relation of (3) with
marginal productivity rate [24].

A modified version of the algorithm is
presented below. See [24] for the original
version.

Initialization: The initialization step is
identical to the previous three algorithms:
identify the state a; with the highest Git-
tins index, which is given by

Q7 = arg maxr
gan @
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where ties are broken arbitrarily. The cor-
responding Gittins index is

v(ay) =rq,.

The recursion step uses a ™ X m matrix
Q) and mx1 vectors b*) and d*), where

= |S{ak)| = m — k + 1. Initialize these
as QW = Opxm, bV =1,d® =r,

Recursion step: After the states
a1,...,0_1 have been identified, the
next step is to identify the state oy
with the Fkth largest Gittins index.
Even though o is not known, we
know that C(ax) = {a1,...,05-1} and
Slax) = X\ {o,...,ax-1}. Let the
model in the step k — 1 be Q-—1) pk-1)
and d*~1 and let m = |S(ax)|.

Define the (72 + 1) x 1 vector by Va €
S(ak—l)a

ht(zk_l) :Pa,ak-l - Z Q(’C 1)Pb,ak—1'

beC(ayg)
(7)

Let 4
Akl = ———m
1- ﬂhak—l
Define the m x m matrix by Va € S(ax)
and b € X'\ {ag-1},

Q(kg = Q(k 1) + Aot (k I)Q(k_l)b
a, Q1,07
QY¥), | = —Xe—1h{0. (8)

and the 7 x 1 vectors by Va € S(ax)
b = b= 4 A BEIBETD, (@)

bbi Y [d(k 1) _ dgk—1)]_

k k—
d(!l ) d( 1) Q-1

Q1

After the model has been updated, choose

=arg max d{®
Ok gaesz(igt{k)
and the corresponding Gittins index is
given by
viag) = dgi).
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Computational complexity: The per-
formance bottleneck of this algorithm is
the calculation of h*~1) and the update of
Q(*), each of which requires 2(m — k + 2)k
additions and multiplications [for the up-
date of Q*), we know that for b € S(ay),
Q) is 0, hence we do not need to calcu-
late those using (8)]. Thus, overall the al-
gorithm requires

i [k(4(m—k)+1)+o(k)] = 2310 (m?)
k=1

arithmetic operations.

Example 24.3.4 Reconsider the bandit
process of Example 24.3.1. Using the fast-
pivoting algorithm, the Gittins index of
this bandit process is computed as follows:

Initialization: As in the other two algo-
rithms, the state with the highest Gittins
index is

o) = argznezi%cra = 3;
V(Cn) = 30.

Initialize:

Recursﬁon step:

1. Step k = 2: Since a; = 3, using (7)
we get
0.8
0.1
h®) = [ s ] .
0

and Ay = /(1 — fh{") = 0.75. Using
(8)-(10) we get

Q(2) =

00 -06 0
0 0 —-0.075 0},
00

0 0

O A

1] 16 1[ 21.25
b? = 2[1.075}, d® = 2[19.767]
4 1 4] 4

Hence,

@y =arg max d® =1;

v(ag) = d = 21.25.

. Step k = 3: Since az = 1, using (7)

we get

17 0.22
h® = 2[0.515}
4| 0
and Ay = 8/(1—Bh{¥) = 0.898. Using
(8)—(10) we get

Q(s) _ 2[~0.463 6 -0.353 0
4 o o o o

b® = 2[1815 d® — 2|20372
4] 1} 4 4 |

Hence,
= d® =2
43T S e T
v(az) = d¥) = 20.372.

. Step k = 4: Since a3 = 2, using (7)

we get

o= 23]

and A3 = 8/(1—8h{D) = 0.891. Using
(8)—(10), we get

QW = 4o -0m13 0 0
b = 4[24294], d¥ = 4[13-236]-

Since S{as) = {4} has only one ele-
ment, we have

ay = 4, and v(ay) = d{) = 13.236.
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24.3.5 An Efficient Method to
Compute Gittins Index
of Multiple Processes

Consider a MAB problem in which all
processes have a finite state space X% =
{1,...,m'}. Let a!, be the state with
the smallest Gittins index in process i,
i=1,...,n. Let

i* = arg maxv*(al ;)
(]

be the process whose smallest Gittins in-
dex is the largest among all alternatives.
Then, a Gittins index strategy will eventu-
ally settle on process ¢* and play it forever.

Based on the above insight, Denardo,
Feinberg, and Rothblum [11] proposed the
following method to efficiently compute the
Gittins index of multiple processes in par-
allel.

Initialization: Identify the state ot
with the highest Gittins index for all
processes and calculate its Gittins index
v4(a}) (using any of the methods described
above).

Recursion step: Suppose we .have com-
puted the Gittins index of the k*th highest
state of process 7,7 =1,...,n. Let

j = argmaxv'(al;). (11)
1

If k¥ < mJ, then identify the state with
the next highest Gittins index in process j
(using any one of the methods described
above), compute the Gittins index of that
state, set k7 = k7 + 1, and repeat. Other-
wise, if k7 = m7, then j = i* and we don’t
need to compute the Gittins index of the
remaining states as the Gittins index strat-
egy will never play a process in those states
(and instead prefers to play process i*).

Example 24.3.5 To illustrate the above
method, consider a MAB problem with
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three bandit processes, each with state
space X' = {1, 2, 3,4}, transition matrix

and reward vectors

16 40 20

1_ |19 2 |10 3_ |15

"= lg|s =g, = /|[a]f:
4 15 25

Let the discount factor be 3 = 0.75. Note
that the first bandit process is identical to
that which we have considered in the pre-
vious examples. Using the above method,
we proceed as follows:

Initialization: Compute the state with
the highest Gittins index for each of the
processes to get:

aj =3, vi(ad) = 30;
a? =1, vi(a?) = 40;
ad =4, 3(ad) =25

Recursion step:

1. Step (k!,k2%,k%) = (1,1,1). Us
ing (11) gives that j = 2. So, find the
next highest Gittins index of bandit
process 2, which gives

a? =2, 1v¥(a?)=18.654.

2. Step (k',k2%,Kk%) = (1,2,1). Us
ing (11) gives that j = 1. So, find the
next highest Gittins index of bandit
process 1, which gives

ay =1, vi(al)=21.25.

3. Step (k',k2%,k3) = (2,2,1). Us-
ing (11) gives that j = 3. So, find the
next highest Gittins index of bandit
process 3, which gives

a3 =3, v3ad)=2245.
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4. Step (k',k%,k3) = (2,2,2). Us-
ing (11) gives that j = 3. So, find the
next highest Gittins index of bandit
process 3, which gives

o =1, v3ad)=21.200.

5. Step (k!,k%,k%) = (2,2,3). Us-
ing (11) gives that j = 1. So, find the
next highest Gittins index of bandit
process 1, which gives

ay =2, via})=20372.

6. Step (k!,k%,k%) = (3,2,3). Us-
ing (11) gives that j = 3. So, find the
next highest Gittins index of bandit
process 3, which gives

af =2, v3af)=19.113.

7. Step (k',k2,k%) = (3,2,4). Since
k3 = 4, stop the algorithm. Note that,
although we have not calculated the
Gittins index of state 4 of process 1
and of states {3,4} of process 2, we
know that Gittins index of these states
is less than 19.113, the smallest Git-
tins index of process 3. So, the Git-
tins index strategy will never play pro-
cess 1 in state 4 or process 2 in states

{3,4}.

24.4 On-Line Algorithms for
Computing Gittins Index

As in the case of off-line algorithms, we
consider a single bandit process and drop
the label 7 of the bandit processes. For ease
of exposition, assume that X; takes value
in a finite space X = {1,...,m}. These
algorithms are based on dynamic program-
ming and linear programming and extend
to countable state spaces based on stan-
dard extensions of dynamic and linear pro-
gramming to countable state spaces. As
before, denote the m x m transition prob-
ability matrix by P = [P, ] and represent
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the reward function using a m x 1 vector r.
Furthermore, let 1 denote the m x 1 vector
of ones and 0,,x1 denote the m x 1 vector
of zeros.

On-line algorithms for Gittins index are
based on bandit processes with the retire-
ment option introduced by Whittle {34]. In
such a bandit process, a player has the op-
tion to either play a regular bandit process
and receive a reward according to the re-
ward function r or choose to retire and re-
ceive a one-time retirement reward of M.
Thus, the player is faced with an optimal
stopping problem of maximizing

E [Tz_:lﬁtr(Xt) +OM ‘ Xo = xo]
t=0

over all {o(Xi,...
stopping times 7.

For a fixed value of retirement reward,
an optimal solution is given by the solution
of the following dynamic program. Let the
mx 1 vector v(™) be the unique fixed point
of

vi™ = max {r + gPv™ M1} (12)

, X1)}52, measurable

where the max is element-wise maximum
of two vectors. Standard results in Markov
decision theory [26] show that the above
equation has a unique point.

Fix a state a € X and let M, denote
the smallest retirement reward such that
a player is indifferent between playing the
bandit process starting at a or retiring,
that is,

M, = min {M l v&M) =M
=ra+8Y Pavil (13)
Whittle [34] showed that

v(a) = (1 - B) M. (14)

The on-line algorithms use this interpre-
tation to compute the Gittins index of a
particular state .
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24.4.1 Restart Formulation
(Katehakis and
Veinott)

Katehakis and Veinott [18] related Whit-
tle’s retirement option to a restart problem
and then solved it using dynamic program-
ming. The intuition behind their approach
is the following. Fix a state o € X'. When
the retirement reward is M,, the player is
indifferent between playing the bandit pro-
cess starting in state o« or retiring. There-
fore the option of retirement reward of M,
is equivalent to the option of restarting in
state a.

On the basis of the above equivalence,
consider the following restart problem. At
each time, the player has an option to
play the bandit process or instantaneously
restart in state a. To describe a solution
of this restart problem, define r{® = r,1
and Q(© as

Qg‘f,), =Pqy Vr,yelkX

to be the instantaneous reward and transi-
tion probability matrix for the restart op-
tion and rY) = r and QY = P to be the
instantaneous reward and transition ma-
trix for the continuation option. Then a
solution to the restart problem is given by
the following dynamic program. Let the
m X 1 vector v be the unique fixed point of

v = max{r(o) + 8Q© v, r® + ﬂQ(l)v}
(15)
where max is the element-wise maximum
of two vectors. Then the Gittins index of
state « is

v(a) = (1 - B)va
and the corresponding stopping set is
S(e) = {z € X + pQOv
> 4 ﬁQ(l)v}_

The fixed point equation (15) depends on
the state o [because r(® and Q(® depend
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on a}. This equation may be solved us-
ing standard tools for solving dynamic pro-
grams such as value iteration, policy it-
eration, or dynamic programming. Beale
(in the discussion of [15]) proposes an on-
line algorithm that can be viewed as a spe-
cial form of policy iteration to solve (15).
See [26] for details on numerically solving
fixed point equations for the form (15).

Example 24.4.1 Reconsider the bandit
process of Example 24.3.1. To compute the
Gittins index of state 2 (which is the state
with the third largest index), proceed as
follows:

Define
19 0.500.10.4
) _ |19 (0) _ |0.500.10.4
rV =15, Q7 =|0500104
19 0.500.10.4 |
and
16 0.1 0 0.80.17
) __ |19 (1) _ 0.5 00104
=150 QY =10206002]"
4 0 0.8 0 0.2]

The dynamic program for the restart for-
mulation is given by (15).

As mentioned above, there are various
algorithms such as value iteration, policy
iteration, linear programming, etc. to solve
the above dynamic program. Using any
one of these algorithms gives that

83.170
o]
81.488
is the unique fixed point of (15). Hence
v(2) = (1~ B)vy = 20.372
and

S(2) = {2,4}.

24.4.2 Linear Programming
Formulation (Chen and
Katehakis)

Chen and Katehakis [10] showed that M,
given by (13) may be computed using a
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linear program. A modified version of this
linear program is presented below.

Define h = 1 —e,, where e, isthe mx 1
unit vector with 1 at the ath position. Let
diag(h) denote the m x m diagonal matrix
with h as its diagonal. Let the (m+1) x 1
vector z = [y7 | z]7, where y is a m x 1
vector and z is a scalar, be the solutions of
the following linear program.

minimize [(1—-38)(1)T | m]z
subject to

[diag(h) — 6P | 1]z >,
y 2 Om)(la (16)
z unrestricted.

Then the Gittins index of state « is
via) =z
and the corresponding stopping set is
S(a) = {z € X |y, =0}.

The linear program (16) depends on the
state o (because h depends on ). This
linear program may be solved using stan-
dard tools. See [6] for details.

Example 24.4.2 Reconsider the bandit
process of Example 24.3.1. To compute the
Gittins index of state 2 (which is the state
with the third largest index), proceed as
follows:

Define h = [1 10 1]T. Let z =
[¥7 | 2]7 be the solution to the following
linear program:

minimize [0.25 0.25 0.25 0.25 4]z
(17)

subject to
0925 0 —0.6 —0.0751 16
-0.375 1 —0.075 —03 1| |19
-0.15 -045 0 -0.151|%< [30]>
0 ~06 0 0.85 1 4
Y Z 04)(1,

z unrestricted.
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As mentioned above, there are various al-
gorithms to solve linear programs. Using
any of these algorithms gives that

1.68

0
7 = [L} = 9.88
4 0

20.372

is the unique optimal solution of (17).
Hence,
v(2) =z =120.372

and

52)={zeX|y.=0} ={2,4}.

24.5 Computing Gittins Index
for the Bernoulli
Sampling Process

In clinical trials, it is common for treat-
ments to be modeled as a Bernoulli pro-
cess {Y}9°, with unknown success proba-
bility s, i = 1,...,n. Such a MAB setup
is called a Bernoulli sampling process be-
cause the player must sample from one of
the n available Bernoulli processes at each
time. Assume that s’ has a Beta(p}, ¢})
distribution! where p} and ¢} are non-
negative integers. Suppose at time ¢, sam-
pling process i has resulted in k successes
and ¢ failures. Then, the posterior distri-
bution of s* is Beta(p, q}) where
Pi=pot+k, q =g+~

Therefore, X} = (pi, ¢}) may be used as an
information state (or a sufficient statistic)
for the bandit process i. This state evolves
in a Markovian manner. In particular if
X; = (p},qi) then

XZ+1 = (piﬂ, q2+1)

11f a random variable s has Beta(p, q) distribu-
tion, then its PDF (probability density function)
f(s) is proportional to sP(1 — 8)9. See [36] for
methods to elicit Beta priors based on expert opin-
ions in clinical trials.
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_ W+, wp. /0l + @)
(rtat +1), w.p. qi/(p}+qf)

where w.p. is an abbreviation for “with
probability.”  The average reward on
playing process i is the mean value of
Beta(pi, ¢t), that is,

(o + gf) = =P

Pt +a
In this section, we describe the various al-
gorithms to compute the Gittins index of
such a Bernoulli sampling process. As be-
fore, since the computation of the index
depends only on that process, we drop the
label i and denote the sampling process
by {(p:,q:)}2, and its Gittins index by
v(p, q)-

The main difficulty in computing the
Gittins index v(p, q) is that the state space
X = Z2 is countably infinite. Hence, an
exact computation of the index is not pos-
sible. In this section we present algorithms
that compute the Gittins index with arbi-
trary precision by restricting to a truncated
state space Xz = {(p,q) | p + g < L} for
sufficiently large value of L. The results
based on these calculations are tabulated
in {14]. Different approximations to v(p, q)
have also been proposed in the literature,
and we describe a few of these in this sec-
tion as well.

24.5.1 Dynamic Programming
Formulation (Gittins)

Gittins {14] used the dynamic program-
ming formulation of Whittle’s retirement
option [34], which was presented in Sec-
tion 24.4, to compute the Gittins index
v(p, q). In the case of a Bernoulli sampling
process, the dynamic program (12) simpti-
fies to

vz(,%f) = max{wg\g),M} (18)

where
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wild) = 214 v (p+1,9)]
+ 55 v (p, g +1).

Let M,, be defined as in (13). Then,
the Gittins index is given by

v(p,g) = (1 —B)Mp,.

Gittins [14] presents an approximate so-
lution of (18) by restricting to X =
{(p,9) | p+ q < L}, discretizing M, and
using value-iteration. On the basis of these
calculations, the values of v(p, q) accurate
up to four decimal places are tabulated
in [14, Tables 8.4-8.8] for different values
of 8 € [0.5,0.99]. MATLAB code for the
above calculations is also available in [14].

Gittins [14] also observed that for large
P + ¢ the Gittins index v(p, q) is well ap-
proximated as follows: Let n = p+ ¢q and
i = p/n, then

1 [1-8
vip,q)—p \ u@—p)

[A+Bn+g]
n

where A, B, and C depend on 8 and p.
The fitted values of A, B, and C as a func-
tion of B and p are tabulated in [14, Ta-
bles 8.9-8.11] for p € [0.025,0.975] and
B € [0.5,0.99].

24.5.2 Restart Formulation
(Katehakis and
Derman)

Katehakis and Derman [17] used the
restart formulation of Katehakis and
Veinott [18], which was presented in Sec-
tion 24.4.1, to compute the Gittins index
v(p,q). In the case of the Bernoulli sam-
pling process, the dynamic program (15)
for computing the Gittins index of a state
(po, go) simplifies to

Vp,q = Max{Wpq 40, Wp,q} (19)

where
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Wp,q = ;,%q‘ [1 +Bv(p + 17(1)]
+ 555 8v(p, g+ 1)

and Wy, 4, is defined similarly. Kate-
hakis and Derman presented an approx-
imate solution of (19) by restricting to
X, = {(p,q) | p+q < L}. They also
showed that for any € > 0, there exists a
sufficiently large L = L(g) such that L it-
erations of value-iteration on the truncated
state space X, gives a value function that
is within € of the true value function (Ben-
Israel and Flam [3] had derived similar sim-
ilar bounds on value iteration for comput-
ing the Gittins index to a specific preci-
sion). Thus, this method may be used to
calculate the Gittins index to an arbitrary
precision.

24.5.3 Closed-Form
Approximations

For large values of 3, v(p, q) of a Bernoulli
process may be approximated using dif-
fusion approximation and using the Git-
tins index for a Weiner process. Two such
closed-form approximations are presented
below.

An important result in the context of
these approximation is by Katehakis and
Veinott [18], who showed that if we fol-
low an index strategy where the index is
within ¢ of the Gittins index, then the per-
formance of the index strategy is within ¢
of the optimal performance.

Whittle’s approximation: Whit-
tle [35] showed that for large p + ¢ and g,
the Gittins index of a Bernoulli sampling
process may be approximated as

p(l —p)

v(p,q) = p+
ny/@e+n p(l —p) +p— 3

where n =p+q, p = p/n,and c = In371.

Brezzi and Lai’s approximation:
Brezzi and Lai [8] showed that the Gittins
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index of a Bernoulli sampling process may
be approximated as

o2
v(p,q) = p+ oy (mj)

where u and o2 are the mean and variance
of Beta(p, ¢) distribution, that is,

p 2 _ pg
(P+q) (P+a?p+q+1)
(20)
p? is the variance of Bernoulli(x) distribu-
tion, that is,

u:

pq
(p+q¢?

PP =p(l—p) =

and 1¥(s) is a nondecreasing, piecewise non-
linear function given by

(\/s/2, if s <0.2;
0.49 — 0.11s71/2 if02<s<1;
0.63 — 0.26571/2, if1<s<5;
0.77 — 0.58s~1/2, if 5 < s < 15;
{2lns ~Inlns

{ ~In167}/2, if s > 15.

Using the notation n = p+g¢, p = p/n, and
¢ = In 7! the above expression simplifies

to
p(1 — p) " 1
n+1 (n+1)ec)’
This closed-form expression provides a

good approximation for # > 0.8 and
min(p, q) > 4.

v(p,q) = p+

24.5.4 Qualitative Properties
of Gittins Index

Kelly [19] showed that the Gittins index is
nondecreasing with the discount factor S.
Brezzi and Lai [7] showed that

p<vpg) Sp+o 1?3
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where p and o? are the mean and variance
of Beta(p, ¢) distribution as given by (20).
Bellman [2] showed that

vip,g+1) <v(p,q) <vip+1,q).

Thus, the optimal strategy has the stay-
on-the-winner property defined by Rob-
bins [27].

As p+ g — 00, Kelly [19] showed that

y(p,q)——hu,:;%——;s

where s is the true success probability of
the Bernoulli process. The rate of conver-
gence slows down as 8 — 1.

Kelly [19] showed that for any k¥ > 0,
there exists a sufficiently large 5* such that
for 8 > 5*

vip+k,q+1) <v(pq).

Therefore, as 3 — 1, the optimal strategy
tends to the least failure strategy: Sample
the process with the least number of fail-
ures and in case of ties select the process
with the largest number of successes.

Brezzi and Lai [7] (and also Roth-
schild [28], Kumar and Varaiya [21], and
Banks and Sundaram [1] in slightly differ-
ent setups) have shown that the Gittins
index strategy eventually chooses one pro-
cess that it samples for ever, and there is
a positive probability that the chosen pro-
cess does not have the maximum s?. Thus,
there is incomplete learning when following
the Gittins index strategy.

24.6 Conclusion

In this chapter, we have summarized vari-
ous algorithms to compute the Gittins in-
dex. We began by considering general
Markovian bandit processes and described
off-line and on-line algorithms to compute
the Gittins index. We then considered the
Bernoulli sampling process, described al-
gorithms that approximately compute the
Gittins index, and presented closed-form
approximations and qualitative properties
of the Gittins index.
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