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o

r Sensor network over packetized network

I
Environment E )EEstimator —
—

Sensor transmits packet to the estimator

B Measurement’s are (almost) free, but . ..

B .. .cach transmission incurs a constant energy
(energy required to switch on the radio and transmit a packet).

B The sensor decides when and how to transmit
(as opposed to the estimator scheduling the transmissions
... or the sensor communicating without coding)

B Trade-off transmit energy and estimation quality
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Environment
First order Markov process {X;,t =1,2,...}, X; € X

Sensor
Yt = ft(Xl:tr Yl:t—l)i Yt eY:=XU {]b}

Estimator
Xt = 9:(Y1:t), X €X
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r Simplest model to capture the trade-off

—]

Environment % Sensor J% Estinm;x%

Environment
First order Markov process {X;,t =1,2,...}, X; € X

Sensor
Ye = filX16Y16-1), Y; €Y :=XU {b}

Estimator
Xe = 9:(Y1:t), X €X

COSt C(Xt, Yt’ Xt) = p(Yt) + /’ld(Xti Xt)

. p(y) = 0, y=h, = d is a metric on X
Py p*’ y € X
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Problem Formulation

Transmission policy and estimation policies
f=0u/f2-- fr) g=(91,92--- gr)

Performance of a policy
T
I(t,8) = E'5[ 3, p(%) +Ad (X, )|
History Dependent Policies (F,G)

T
F=[lFR F=XxY"1oY)
t=1

T
G=1[6G. G =(YX)
t=1
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r Problem Formulation

Transmission policy and estimation policies
f=0u/f2-- fr) g=(91,92--- gr)

Performance of a policy
T
I(t,8) = E'5[ 3, p(%) +Ad (X, )|
History Dependent Policies (F,G)

e —

W’ (P) Choose (f, g) € (¥,§) to minimize J(f, g)
“%

— —

t=1

L m



r Salient Features

Data increasing with time

Ye = fiX1.6Y1:6-1) Xt =9:(Y1.t)
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r Salient Features j

Data increasing with time
Ye = fiX1.6Y1:6-1) Xt =9:(Y1.t)

Decentralized control problem

= Two decision makers, the sensor and the estimator, that have access to
different information.

= ... non-classical information structure: in general, not possible to solve
using dynamic programming.

= Can be transformed to a system with partial information sharing
information structure (Nayyar, Mahajan, and Teneketzis, -2012) which
allows us to use dynamic programming

L Il
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Literature overview

Active sensing/Sensor “censoring”
B Huge literature. Most relevant results:
B Imer and Basar, 2005, Lipsa and Martins, 2011
= Assume {X;, t =1,2,...} is a Gauss-Markov process

= Structure of optimal policy: Communicate if

|X; — prediction if sensor does not transmit| > t;

= Cyclic definition? In general, estimation depends on the transmission

policy.
Also show that the estimation policy is the same as prediction

of an unobserved Markov source and, as such, does not depend
on the transmission policy.
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Literature overview

Active sensing/Sensor “censoring”

B Huge literature. Most relevant results:
B Imer and Basar, 2005, Lipsa and Martins, 2011

e Assume {X;, t =1,2,...}is a Gauss-Markov process
= Structure of optimal policy: Communicate if

|X; — prediction if sensor does not transmit| > t;

B Nayyar, Basar, Teneketzis, Veeravalli, 2012

= Assume {X;, t = 1,2,...} is a symmetric, unimodal, and countably
supported Markov chain
= Similar structure of transmission and estimation policies.
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Implication of the results

= (For specific models of Markov sources) optimal policies are easy to search
and easy to implement.
e The proof relies on symmetry of the Markov process
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Literature overview

Implication of the results

= (For specific models of Markov sources) optimal policies are easy to search
and easy to implement.
= The proof relies on symmetry of the Markov process

Non-symmetric finitely supported Markov chains
For example, X = {dry, low moisture, saturated} and

(08 00 02]
P=|01 07 02
00 01 09

—

Are optimal policies easy to find and easy to implement?
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r Main Results: Notation

Notation
Info state : e = P(Xe | Yi—1)
Silence set : St ={x € X: @ps(x) = b}

Optimal estimate : £, = y,(b)

L Ml
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r Main Results: Structure of optimal policy

Recursively define V.4 (mr) = 0 and

V() = min {E[c(Xe, £, V) + Veaa (eaa) | 1)1

- M I y



o

r Main Results: Structure of optimal policy

Recursively define V.4 (mr) = 0 and
V() = min {E[c(Xe, R, Y) + Vear (meen) | T0)]
(SeXt)

Let S, () and £, (7r;) denote the arg-min of the RHS.
Optimal transmission policy

b if ;
ft*(xt: T¢) = { 1 )

X; otherwise

Optimal estimation policy

\ 2,(my) ify, =D
gt(Yt: ) =

Ve otherwise

- M I y



r Infinite horizon system

The dynamic program reduces to a fixed-point equation

V(m) = min{E[c(X, £, Y) + BV, | D)}
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r Infinite horizon system

The dynamic program reduces to a fixed-point equation
V() = min {E[c(X, X, Y) + BV (z, | m)]}
(5.%)

The mapping m = (S, X) is time-invariant. = stationary policies are optimal.
Optimal transmission policy

o) = {lb if x €S (m)

x otherwise

Optimal estimation policy

) t'(m) ify="D
g(y,ﬂ)={x oo

y otherwise

L il
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Infinite horizon system

The dynamic program reduces to a fixed-point equation
V() = min {E[c(X, X, Y) + BV (z, | m)]}
(5.%)

The mapping m = (S, X) is time-invariant. = stationary policies are optimal.

In general, stationary policies need not
be optimal for decentralized control problem.

sharing information structure are one instance

Time-homogeneous systems with partial \
where stationary policies are optimal.

g Ut — _
y otherwise

il
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Numerical solution

let 7, = max{s < t : Y; # b} be the last time a non-blank symbol was
transmitted. Then,

Ty =PXe | Vi) =PXe | Yip) = (Yt — 1)
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Numerical solution

let 7, = max{s < t : Y; # b} be the last time a non-blank symbol was
transmitted. Then,

Ty =PXe | Vi) =PXe | Yip) = (Yt — 1)

Simplification of the dynamic program
The above transformation converts the POMDP to a countable state MDP.

Vin) =min{ ¥ m,@[p"+ BV (x D]

nXn * xgSs,

+ 2 ma(0)[d(x 2,) + BV (xn + 1))}

XESn

Where T[n(') = ]P(Xn =5 | X]_ = y,Xz € SZ""'XTL—]. € Sn—l)
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r Numerical solution

let 7, = max{s < t : Y; # b} be the last time a non-blank symbol was
transmitted. Then,

Ty =PXe | Vi) =PXe | Yip) = (Yt — 1)

Simplification of the dynamic program
The above transformation converts the POMDP to a countable state MDP.

Vin) =min{ ¥ m,@[p"+ BV (x D]

nXn * xgSs,

+ 2 ma(0)[d(x 2,) + BV (xn + 1))}

XESn

If we can bound t — 7 (either due to the structure of the cost and transition
matrix or due to implementation constraints), then the countable state MDP
reduces to finite state MDP.
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Implementation

Define, the array of indexes:

A(t,t — 1) ={x,x' €X: fi(x,x',t —T7) = b}

and the vector

B(t,t —7)[x'] = g;(b,x", t — T)

MM |



r Implementation

Define, the array of indexes:
At,t — 1) ={x,x' €X: fi(x,x',t — 1) = b}
and the vector

B(t,t—1)[x'] = g:;(b,x", t — 1)

Store the arrays A(t,n) and the vectors B(t,n), t = 1,...,T and n < t, at
the transmitter and the receiver, respectively.

Keep track of T and y,. Then,

{Ib) if (x¢, ;) €EA(t,t—1)
x; otherwise

) {B(t,t — D] fye=Db
xt -

Ve otherwise
- T

Yt



Implementation

Define, the array of indexes:

A(t,t — 1) ={x,x' €X: fi(x,x',t —T7) = b}

and the vector

B(t,t —7)[x'] = g;(b,x", t — T)

o ] n<tg,at
For infinite horizon, A and B

depend on t only throught — 1

b if (xt,y;) €A(t, t — 1)
Yt {

X; otherwise
) {B(t,t—r)[yfl if y, = b
Xy =
‘ Ve otherwise
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r Comparison with previous results

Symmetric, unimodal, countably or uncountably supported MC

B Optimal transmission policy:

(xe,yr) €A(Lt—1) & [xe = B(t,t —7)[yc]l < d¢

B Optimal estimation policy:

B(t,t — t)[y,] = best t — t step predictor of MC starting at y;

- T I} y
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r Four stage proof outline

Stage 1 The sensor may ignore the history of past observations and use a
transmitting policy of the form

Ve = ft (Xt Y1:61)

without any loss of optimality.
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o

r Four stage proof outline

Stage 1 The sensor may ignore the history of past observations and use a
transmitting policy of the form
Ve = ft (Xt Y1:e1)

without any loss of optimality.

Proof: The process 1z = (x¢, y1.t—1) IS a controlled MC with control action y,
i.e.,

= P(riy1 | 716YV1e) = P(resr | 70 ):)
= Elc(xt, Y6 %) | "1.6V1:6)] = Elc(Xe, Ve, Xe) | 11, Ve

- T IHT I y
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r Four stage proof outline

Stage 2 Causal real-time coding does not improve performance, i.e., if a
sensor transmits, it must transmit the current observation.

Therefore, if the estimator receives a non-blank, it chooses that symbol as its
estimate.
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Four stage proof outline

Stage 2 Causal real-time coding does not improve performance, i.e., if a
sensor transmits, it must transmit the current observation.

Therefore, if the estimator receives a non-blank, it chooses that symbol as its
estimate.

Proof: Based on a backward interchange argument. If transmitters and
estimators at time t + 1 : T have the desired structure, we can construct a
transmitter and estimator at time t that has the desired structure and performs
as well as the original policy.

T T I
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r Four stage proof outline

Stage 3 m:(:) = P(X; = ‘|y1..—1) is a sufficient statistic for y;.,_; at both
the transmitter and receiver. Thus, restricting attention to transmitters and
estimators of the form

Ve = [t (X, TT¢) Xt = ge(Ve, t)

is without any loss.
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r Four stage proof outline

Stage 3 m:(:) = P(X; = ‘|y1..—1) is a sufficient statistic for y;.,_; at both
the transmitter and receiver. Thus, restricting attention to transmitters and
estimators of the form

Ve = [t (X, TT¢) Xt = ge(Ve, t)

is without any loss.

Proof: common data y,.;_1 and private data x; and y,. Thus, the system has
partial sharing information structure (Nayyar, Mahajan, Teneketzis, 2012).

The sensor and receiver choose their actions as

fe(xe, Yie-1) = @e(V1:0-1) (X¢) 9t Ve Y1:t-1) = Ve V1:6-1) 1)
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Four stage proof outline

Stage 3 m:(:) = P(X; = ‘|y1..—1) is a sufficient statistic for y;.,_; at both
the transmitter and receiver. Thus, restricting attention to transmitters and
estimators of the form

Ve = fe(xe, ) Xt = 9t Ve, 10t)
is without any loss.

Proof:

Consider a coordinator that observes common data y;.,—q and chooses

@ : X—->Y Ve Y - X

The sensor and receiver choose their actions as

fe(xe V1:e-1) = Pe(V1:e-1) (%) 9t Ve Y1:t-1) = Ve V1:e-1) Ve)-

T T T
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Four stage proof outline

Stage 3 m:(:) = P(X; = ‘|y1..—1) is a sufficient statistic for y;.,_; at both
the transmitter and receiver. Thus, restricting attention to transmitters and
estimators of the form

Ve = fe(xe, ) Xt = 9t Ve, 10t)
is without any loss.

Proof:

The sensor and receiver choose their actions as

fe(xe V1:e-1) = Pe(V1:e-1) (X¢) 9t Ve Y1:t-1) = Ve V1:e-1) Ve)-

Coordinated system is a PODMP that is equivalent to the original decentralized
system = DP decomposition

V() = min {E[c(Xe, £, Y) + Verr (ea) | w1

(Pe.ve)
T T T
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r Four stage proof outline
Stage 4 letS; = {x € X: ¢;(x) = b} and 3%: = Y¢(b). Then
o) =S¢ ve() = &,

This simplifies the form of the DP at the coordinator.
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r Four stage proof outline
Stage 4 Let S, = {x € X: ¢,(x) = b} and £, = y,(b). Then
(=S (=%
This simplifies the form of the DP at the coordinator.

Proof: Follows from the result of Stage 2 that real-time coding does not
improve performance.

L MMM |



Conclusion

Main result Identified structure of optimal policy
Optimal transmission policy

. b ifxtES:(yT,t—T)
ft (X, Yr, t — T) :{

x; otherwise

Optimal estimation policy

2, (nt—1) ify =D

90t Yot = 1) = { .
Ve otherwise

where (S;,%,) are given by the solution of a countable state MDP.

Optimal policy is easy to implement.

T IHT IHT 1T
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Generalization to arbitrarily connected sensor networks .

L T IHT T 11T



-

Future work

Generalization to arbitrarily connected sensor networks .

= Multi-dimensional symmetric, unimodal Markov Processes.

Sensor ?J Estimator
) L

The results of Lipsa and Martins, 2011 and of Nayyar, Basar,
Teneketzis, Veeravalli, 2012 do not apply to multi-dimensional
Markov processes.

\ %
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r Future work

Generalization to arbitrarily connected sensor networks .

e Multi-dimensional symmetric, unimodal Markov Processes.

X1 '
Sensor 5| Estimator
XZ

= Two-node sensor/estimator system

y1 Sensor/ Sensor/ 2
Estimator Estimator

Steps 1 and 2 of our approach fail. Real-time coding may help.

L T IHT T 11T



Thank you.
Questions/?



